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Introduction

© We have presented a method for extracting coefficients of two-loop reduction at
integrand level

 The method works in either d = 4 or d = 4 — 2¢ dimensions

* Addressing IBP reduction of Feynman integrals is the next big step
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Introduction

© We have presented a method for extracting coefficients of two-loop reduction at
integrand level

 The method works in either d = 4 or d = 4 — 2¢ dimensions

* Addressing IBP reduction of Feynman integrals is the next big step

¢ Performing reduction in d = 4 — 2¢ potentially pays off
Solutions of cut equations get simpler structure l%
91
No need to compute R, rational terms separately .
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Introduction

© We have presented a method for extracting coefficients of two-loop reduction at
integrand level

* The method works in either d = 4 or d = 4 — 2¢ dimensions

* Addressing IBP reduction of Feynman integrals is the next big step

¢ Performing reduction in d = 4 — 2¢ potentially pays off
» Solutions of cut equations get simpler structure l‘b
91
* No need to compute R, rational terms separately .

© How feasible are recursive computations of loop numerators ind = 4 — 2¢?

< Requisites:
a procedure to supplement evanescent terms at any step of the recursion;

* a“numerator provider” working in d = 4 — 2¢ dimensions (possibly general-purpose)
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Recap: origin of Rational Terms

| -loop OPP reduction in a nutshell p d‘q N(g)
{Ossola, Papadopoulos and Pittau, Nucl.Phys.B 763 (2007) 147-169] @ — m - 2n)¢ DyD,...D,, ,
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» Typically, numerical ME generators compute numerators ind = 4

- However in dimensional regularisation, the loop integrand is defined in d = 4 — 2¢

G. Bevilacqua HOCTOOLS-II mini-workshop


https://www.sciencedirect.com/science/article/pii/S0550321306009138?via=ihub

Recap: origin of Rational Terms

| -loop OPP reduction in a nutshell p d‘q N(g)
{Ossola, Papadopoulos and Pittau, Nucl.Phys.B 763 (2007) 147-169] @ — m - 2n)¢ DyD,...D,, ,
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“Cut-constructible” part “Rational Terms”

» Typically, numerical ME generators compute numerators in d = 4
+ However in dimensional regularisation, the loop integrand is defined in d = 4 — 2¢

 The mismatch can be compensated by adding Rational Terms (R;, R,) to the computation
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Recap: origin of Rational Terms

|-loop OPP reduction in a nutshell p diq N(g)
{Ossola, Papadopoulos and Pittau, Nucl.Phys.B 763 (2007) 147-169] @ — m (2x)d DO Dl N 'D_m—l
i i, h
G il i2 il
A= 2 diyisiziy + D Ciyigig +me2>®< + 2 ai >O + R, + R
I . E & | I |
“Cut-constructible” part “Rational Terms”

Typically, numerical ME generators compute numerators in d = 4

However in dimensional regularisation, the loop integrand is defined in d = 4 — 2¢

The mismatch can be compensated by adding Rational Terms (R, R,) to the computation

R, can be cast in the form of extra tree-level Feynman rule
2 ynman ruies | example: QCD
[Draggiotis et al, ’09]
p . 2 2
— 19” Neol D 2 H1,a1 H2,a2
‘00000000 = daras | = Gurps + AHV | G peP” — Ppn P
U1,a1 U2,a2 4872 1a2 [ o K12 ( 11 po w1 #2) B _i94Ncol {[5a1a25a3a4 + 5a1a36a4a2 + 6a1a45a2a3
N 9672 N,
+N—f (p2 - 6m3) gﬂluz] m P(234) col
col 4,04 H3,a3
+ 4 Tr(t1¢%392494 4 9149449249 (3 + Aggy)
H2,a2
Pl D2
3
— — _g Neol Z Nf aaza3 - Tr({talta2}{ta3ta4}) (5 + 2)‘HV) GuipoGpuspy
. T ( il Anvy + 2 Nog f Vi paps (P1, P2, P3) ]
P3 N 5
Hn3,a3 +12f;TT(talta2ta3ta4) <§g#1#39ﬂ2ﬂ4 —Gpap29pspa _guzﬂsgullm)}

G. Bevilacqua HOCTOOLS-II mini-workshop


https://www.sciencedirect.com/science/article/pii/S0550321306009138?via=ihub

Basics of t'Hooft-Veltman regularisation

Dimensional regularisation ’t Hooft-Veltman scheme)

0,

m

[ g N@
(Zﬂ)d DO Dl c e Dm_l

- physical momenta (Q, Q,,...,0,)ind =4

* loop momentum (g) ind = 4 — 2¢
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Basics of t'Hooft-Veltman regularisation

Dimensional regularisation ’t Hooft-Veltman scheme)

m

[ g N@
(Zﬂ)d DO Dl c e Dm_l

- physical momenta (Q, Q,,...,0,)ind =4

* loop momentum (g) ind = 4 — 2¢

d=4-72¢
=q"+q 7=yt gv=2g"+3"
Il o py=d=4-2 | o gug —d=4-2
J7;
vy =2¢%1, | {79y =28%1, | {y7’1=0
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Origin of evanescent terms: a simple example

,a
Do H2,a2

P

R —

_ aija2a
. = g [ Vu1u2u3(p1,p2,]93)
1,41 ' |
\ 1]
p3
“3)0'3 gﬂlﬂz(pz _pl)ﬂ3
+ 8, (P3 — P2y,
+gﬂ3ﬂ1(p1 _p3)ﬂ2

* Loop numerator in d = 4 — 2¢ has a genuine 4-dimensional and an evanescent component:
N@) = N G) &, (p) £,.(p)

S NG = VM (p, =G=p. 0) ViRiB(—p, =G, G+p) =

— (5p2 +2p-q+ 2q2) ghite — D ptipkr 4 5pkigh + 5 gtipte 4+ 10 ghigh

— ¢ (zpmpuz + 4ptighe 4 4gtiptr + 8q#1qﬂ2) + 2y ghik
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Origin of evanescent terms: a simple example

,Q
D 12,02

P

R —

- ajaa
11,0 _gf 1 3VN1N2M3(p1)p27p3)
1,41 ' |
\ Il
b3
“3)0'3 gﬂlﬂz(pz _pl)ﬂ3
+gﬂ2ﬂ3(p3 _pz)ﬂl
+gﬂ3ﬂ1(p1 _p3)ﬂ2

* Loop numerator in d = 4 — 2¢ has a genuine 4-dimensional and an evanescent component:
N@) = N*(q) ,(p) €,(p) = N + Ng)

o NUG) = V' (p, —G-p. O) Vietb(—p, -G, g+p) =

= (5p>+2p-q+2qg°) g"t> — 2pfpt + Spigt + S5qtptr + 10gMg | —  N(g)

— e (2pMp*a + dphighe + dghipte + 8gHigh) + 2y ghik: . @

The evanescent component of the numerator, N(g), is made of terms o /i, €
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Computing evanescent terms

. 4 d'g  (N@) = N@+N @)

" (Zﬂ)d D_O Dl “ e D_m—l

© Can we compute N(g) using a numerical, recursive framework (built in d = 4)?

schematically: N(q) = %[N(Q)]
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Computing evanescent terms

m

) { d'g  (N@) = N@+N @)

B (Zﬂ)d D_O Dl “. Dm—l
© Can we compute N(g) using a numerical, recursive framework (built in d = 4)?
N(g) = E[N(q)]

© Possible solution: Four-Dimensional Formulation (FDF)
| Fazio, Mastrolia, Mirabella and Torres Bobadilla, Eur.Phys.J.C 74 (2014) 12, 3197 |

< + developed for |-loop calculations

* 4-dimensional d.o.f of gauge bosons carried out by u

* (d —4) dimensional d.o.f carried out by scalar particles = extra Feynman rules
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Computing evanescent terms

< Can we cor

~ Possible

v [dd' (N@) —» N@+N@)

(Zﬂ)d DO Dl D

m—1

Fazio, Mastrolia, Mirabella and Torres Bobadilla, Eur.Phys.J.C 74 (2014) 12, 3197

0229202290 = —g 320 gaﬁ

a, o« b, B kz — #2 + Z‘O (gluon)’

-~ _ abc o ~BC
e = =g [ (ke — k3)* GTT,

2,6, B .7

s’ = Fg f2° (ip) g7 QF,

(kl =0, kz==x¥

2,b,8
::ﬁ;ﬁ‘fﬁi = —ig?|
3,¢e, v 36)

+ f:z:ad f:z:bc (gaﬁ oy __ ga'yg

® - ’: ...... - =i50.b 1

a 5 B2 = 12 140 (ghost),

GAB
a, A b, B - kz—,u,2+'1l0’

(scalar),

in d = 4)!

4) 12,3197 ]

+f:zac f:z:bd (gaﬁ Sy __ g 59/3’7)

° -k . _— LJ k+i#’75+m Tra xTac (e} (e
> « deve L s Jur B + oot frie (g*0gPT — g*7g"%) ],
2, b, B,,
(fermion), L a, o€, _ o;.2 ad (pzab pxcd
1,d,8 A - 229 g (f f
. 3,c,C° rac pxbd BC
L] 4_d|n 2,b,8 +f f ) G ’
L = —g £ [(k1 — k2)7g*? .
2,0b,
+ (ky — ks)*g™ e =i (),
i = g (t ) i1 A
‘ (d _ + (ks — k1)Pg7*], R ? yman rules
2,6 2,6,B .7
l,a, > ’ = _g fabc kg ? 1,1 g = _ig (tb)Jz 75 F
o 3,c‘-"» 3, .
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Computing evanescent terms

. 4 d'g  (N@) = N@+N @)

" (Zﬂ)d D_O Dl c o Dm—l
© Can we compute N(g) using a numerical, recursive framework (built in d = 4)?

N(g) = &[N(g)]

© Possible solution: Four-Dimensional Formulation (FDF)
| Fazio, Mastrolia, Mirabella and Torres Bobadilla, Eur.Phys.J.C 74 (2014) 12, 3197 |

o WVe are exploring an alternative formulation (not requiring extra Feynman
rules) and we want to extend it to 2-loop applications
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|. Basic formalism

| -loop construction
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Recursive amplitude calculations

Sketch of recursive amplitude computation

elementary - at each step of the recursion, a current J ) s computed
; < vertex » recursion iterates till the full amplitude is obtained
l
J .: :]
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Computing loop numerators recursively

© Cutting loop propagator — Tree-level process with two extra particles

q+p

cut ‘\4
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Computing loop numerators recursively

© Cutting loop propagator — Tree-level process with two extra particles

q+p

cut
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Computing loop numerators recursively

© Cutting loop propagator — Tree-level process with two extra particles

cut

o Recursive calculation of tree-level process

Step1
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Recursive calculationind = 4
Step 1
q+p = (=g =2p)-g) J?2" + (=p-J?) &f + (P ¢) (p — 9"

@ = (=g =2p) - @) /O + (=g = ) /) o + (/O @) (p+29)°

< N(g) = Z <J/§14) ' ](1)> — Numerator ind = 4
A
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Moving to d dimensions

© Obtaining the full d-dimensional expression, N(g), from N(q) is straightforward
analytically. Just use the following replace rules at any step of the recursion:

PX =@+ X D (o)X > Y (o)X +d-HX
A A

Y- X - Y (-9 X+ uX
A A
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Moving to d dimensions

© Obtaining the full d-dimensional expression, N(g), from N(q) is straightforward
analytically. Just use the following replace rules at any step of the recursion:

X = G+ X YEo)X > Y (gao)X+d-HX
A A

Y- X - Y (-9 X+ uX
A A

© This approach is simple if one uses analytic expressions. It is not as simple when
the computation is performed numerically

* Numerical recursion keeps “memory” of the previous step only, not of the full
recursion history!
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Moving to d dimensions

© Obtaining the full d-dimensional expression, N(g), from N(q) is straightforward
analytically. Just use the following replace rules at any step of the recursion:

PX =@+ X D (o)X > Y (o)X +d-HX
A A

Y- X - Y (-9 X+ uX
A A

~ This approach is simple if one uses analytic expressions. It is not as simple when
the computation is performed numerically

* Numerical recursion keeps “memory” of the previous step only, not of the full
recursion history!

~ We need to track the coefficients of all critical Lorentz structures which can
originate /1 or (d — 4) terms during the recursion
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Moving to d dimensions

© Obtaining the full d-dimensional expression, N(g), from N(q) is straightforward
analytically. Just use the following replace rules at any step of the recursion:

PX =@+ X D (o)X > Y (o)X +d-HX
A A

Y- X - Y (-9 X+ uX
A A

~ This approach is simple if one uses analytic expressions. It is not as simple when
the computation is performed numerically

* Numerical recursion keeps “memory” of the previous step only, not of the full
recursion history!

~ We need to track the coefficients of all critical Lorentz structures which can
originate /1 or (d — 4) terms during the recursion

For pure YM at |-loop: q” £ (€-9)q"
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Moving to d dimensions

~ Introduce formal operator & which generates all evanescent contributions to
an input d = 4 current JYV) at any step of the recursion:

EUG = |GV + CMlgx + (G-&) +|C) G- &)g”

(N) e (N) e
+ |/, + 1/,

pure YM @ | -loop
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Moving to d dimensions

~ Introduce formal operator & which generates all evanescent contributions to
an input d = 4 current JYV) at any step of the recursion:

EUG = |GV + CMlgx + G-&) +|CNG-&)F”

(N)a (N)a
+ [V 4 I

pure YM @ | -loop

< All coefficients above satisfy recursion relations which can be derived from the
analytic structure of QCD vertices

+ Coefficients “evolve” during the recursion, in the same spirit of the standard
current JM%ind =4

* Note: coefficients are computed from pure d = 4 quantities
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Moving to d dimensions

~ Introduce formal operator & which generates all evanescent contributions to
an input d = 4 current JYV) at any step of the recursion:

EUG = |GV + CMlgx + G-&) +|CNG-&)F”

(N)a (N)a
+ [V 4 I

pure YM @ | -loop

< All coefficients above satisfy recursion relations which can be derived from the
analytic structure of QCD vertices

Coefficients “evolve” during the recursion, in the same spirit of the standard
current JM%ind =4

Note: coefficients are computed from pure d = 4 quantities

We'll show the recursion relations for the coefficients and how to
combine them to obtain a numerator in d dimensions
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1-loop recursion relations: 3-gluon vertex

[G.B, Canko, Papadopoulos and Spourdalakis, in progress]

Color-stripped vertex function:

(ny)

J () @ \ p(n1+nz)
J(n1+n2)a = (](”2) . (zp(nl) +p(n2))> J(’h)a

(n,) — (J(m) . (p(nl) + zp(l’lz))) J(nz)a

Jm) p
a
| ( (n) j( )) | ¥ (J(nl).‘](%)) (p(nz)_P(nl)) Initial conditions:
= e (Jm, g
R (1) — H_
c,'=0 c"=1

g
i, =0 11 "=0

Example:

(+1) o) [ 7). (9 pm) 4 ] _ "
oop encpointy | Ca' = G I - @p M 4 p)] (1+5(n1+n2>Nend) (JOw - )

o™=

’

’ \‘ -
!::](Nend)': Ce(nl‘l'nz) — Ce(nl) J(”lz) . (zp(n1) +p(n2))]

-

-

"7‘ JéZH‘ﬂz)Of: Vg{g (J(m) J(nz)) _ (Cénl) + //tC(nl)>J(n2)a

_____ eq >’ €4q.9
e TR = el @p ) = (14 8y mn) (4000
‘.
a
“\a)ﬂ

a
]//(tnl_i_nZ)a - //l [<_1 + 26(n1+n2)NendCC§nl)J(n2)a> + 5(n1+n2)Nend (Jé("q/ll)a + CS(Z,IC)] (p(nZ) _p(n1)> )]

(ny+n,) a _ n n NN
T = @ =] S, € (P = p ™)
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1-loop recursion relations: 4-gluon vertex

[G.B, Canko, Papadopoulos and Spourdalakis, in progress]

Color-stripped vertex function:

J(n1) \
%.’T%—UWWJ(”I+”2+”3)“ = 2 (](n2) . ](n3)> J(”l)a

joo 8 - (4 g g
— J(n1) . J(”3) J(nz)a
' ( EE— )') ( ) Initial conditions:
= V9§ (JVW JU) JUs
e =0 =1
chyl, =0 J)"=0
Example: [loop endpoint] Cq(”1+”2+”3) _ Cq(nl) 5 (S0 J(n3))_
1 ." N “| : :
(n) \“ E J(n3) -‘] ( end)". C£n1+n2+n3) — C(nl) ) ( J(nz) . J(n3))
JV o N AR . -
\ Jngtng) :’, / Jggl+”z+”3>“ = V§, (J8(31>,J<"2>,J<"3>)
-------- X
(n,) J) \ ( ) (ny)
n \ ny+ny+n — (ny) . J(ny)
J M ALY Colg 7 = Cegy [2 (- g )]
n »
J( 1)/ "‘a)a
---------- <. A _ ny) J(n
S Jfl”l+”2+”3)“ = H [_5(n1+n2+n3)Nend Céq,zcz J! 3)]
,'l ~‘~. "'a \ .
8/1 chiljnzﬁ‘n?,)a — (d . 4) [_5(n1+n2+n3)Nend Cé 2) J( 3)]
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1-loop recursion relations: gluon-ghost vertices

[G.B, Canko, Papadopoulos and Spourdalakis, in progress]

Color-stripped vertex functions:

J(nl) o . \ p(”l)
\x o
Q000, Jmtma = — g jim) Hm)a
J(2) o
J(nl) o p(nl)
2t Jlutmya = (Jo . (po) 4 py) o)
Jim) @ p"™

=0
sumid =[] + [0

QCD @ I-loop

No evanescent terms are generated
by |-loop gluon-ghost vertices!

The gluon is never associated to a
loop propagator
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HOCTOOLS-II mini-workshop




Steps to full QCD @ 1-loop

Evanescent terms for fermionic currents

s V= A+ Al + A

fermion

+ @G- &) v+ @G- |l + [T

+ | JY 4 T
17

QCD @ I-loop
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Steps to full QCD @ 1-loop

Evanescent terms for fermionic currents

Sl = A\ | + A + A

fermion

+ (G- &) + (G- i)+ | T

+ | IV + | I
17

QCD @ I-loop

t € 1 @
cut cut

Checked for closed-fermion loop topologies so far. General case under study
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ll. Beyond |-loop

Steps to 2-loop construction
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Basic notation at 2-loop

K 1 K3 K2
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Extension to the 2-loop case

l%
uuYuuouuu

G. Bevilacqua

(00000000.000000

Origin of evanescent terms at 2-loops:

&l (g; - Qj)X] = Wi X

%[Z (q; - 8k,,1) (Qj ' a)k,g) X] = ﬂin
A

8L ey @) X1
A

IO NCPRINICH

Ay

| Z (81,,11 ‘ 602,,12) (82,/12 '

Ay

EL Y (1), e20) (@1,

Ay

= (d-4X

° 0)2,/12) X]

[i,j = 1,2]

[i,j = 1.2]

[i,j = 1,2]

cwy,) X1 = (d-4HX

o) X1 = (d-HX

= d-4X
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Extension to the 2-loop case

e, S°
'000 '0000 '00000000

90000
X0

000000~ 00000

OO0

_%T 8w, »,@ ¢

<01010/0/0,0/0/¢10,0/0/0,0/0)

At two loops, more critical structures (= coefficients)
need to be tracked during the recursion

& &
6111 l%
< 000670006000000. @)
(N) \
al — (N) N) (N)
[nguon] o Z C 9 + Z C 810[ + G, 2
=1 =1
2 2
2. S @ gy F L) @y gy + T (E - E) + D @ G)E - g)
=1 ij=1
2 2
N (x a2\~ N ~ N ~  ~\x
+ Z Cly G @T + Clf @230 + Y, C. 64D &
k #1
FRAY, N aN g~ e\ o~
i,j=1 i,j,k=1
+ J(N)a + J(N)Ol
i (@=4) pure YM @ 2-loop

G. Bevilacqua

HOCTOOLS-II mini-workshop




Extension to the 2-loop case

2
(V) — (N) (= =~
[ ghost] o Z Cgi% (81 qj)
i,j=1 —
+ JWMe o JPe
—4) pure YM @ 2-loop

Starting from 2-loops, also ghost vertices
develop y;; terms through the recursion
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|. Completed numerical validation for pure YM in HELAC-|LOOP:

- 88 7 88
- 88 7 888

Cut Constructible (CC) + Rational Terms computed
at integrand level

- CC+R; atintegrand level, R, via effective Feynman
rules (standard approach)

G. Bevilacqua HOCTOOLS-II mini-workshop



. Analytic proof of concept of recursion @ 2-loop — double-box topology

pjj and (d — 4) terms
generated recursively

N N ~ N v
J(N)“ (&-q) T IO @y gy) + I (E )+ Z e(q)éaq
i,j=1

& -3)E - §)

2 2
N g.-0)a% =\ N ~\ =
+ Z Cé CIJ)Qk qj) qk t Cﬂ(l)zéz q2 (0)2 . QQ) qg + Z C*‘g 61)8 (ei . qj) 82

i,j,k=1 i,j,k=1
2 k £
N ~ N AN AY,
+ Z Cs(lez 4qi (8 82) qlq + Z Célq)ezq Gk (81 | qi) (82 | qj) q/(:
i,j=1 i,j.k=1
(N a N)a
+ J, + J( )

Numerical implementation in HELAC-2LOORP in progress
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© Work is underway to enable HELAC framework to perform numerical computations
of loop numerators in d = 4 — 2e dimensions

© Interesting applications to integrand-level reduction of 2-loop amplitudes

© We are formulating a new method for computing y;; and (d — 4) contributions in
the context of recursive numerator computations

~ The method has been established for pure YM at 2-loops

~ Extension to quarks and numerical implementation in HELAC-2LOORP in progress
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Thank you for your attention!

This research is supported by the Hellenic foundation for
Research and Innovation (H.ER.l.) under the “2nd Call for
H.F.R.l. Research Projects to support Faculty Members and
Researchers” (Project Number: 02674 - HOCTools-Il)

HFRI

Hellenic Foundation for
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Strategy of calculation
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Strategy of calculation
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Strategy of calculation

Not all coefficients are involved at each
step of the recursion!

%[J(N) a

gluon

|

2
N)
+ ZCgi &l
i=1
2
. Na ¢z = Nya ¢z = Na ¢z sz .
gy + IO @y -Gy + JU(E - Ey) 2 Je('lq?e(jqj (& -q)(& - q))
i j=1
2
q) q¢ + ) Cl (@ g)e;
i jok=1
) k #1i
o\ ~ N ~ N~ =~
&)q; + 2 éle?gZCIj’CIk(gl.qi) (&2 q) G
ijk=1

G. Bevilacqua

HOCTOOLS-II mini-workshop



Strategy of calculation
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Strategy of calculation
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Strategy of calculation
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Strategy of calculation
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