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Two-loop amplitude reduction

C. Papadopoulos, G. Bevilacqua, A. Spourdalakis, D. Canko, N. Dokmetzoglou
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Anatomy of 2-loop amplitudes

~ 2-loop amplitudes are crucial ingredients (and often bottlenecks) for theory predictions
accurate at NNLO

example: 4-point function

NGy, 3y 1p})
szlDi(QI’ QZ’ {p})

\

“Propagators”

D, = (3, + py + p3)°

Ds = (3, + py + p3)°

Ds = (3 + Py + P3 + Py’
D; = (q, — 3,
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Anatomy of 2-loop amplitudes

~ 2-loop amplitudes are crucial ingredients (and often bottlenecks) for theory predictions

accurate at NNLO

example: 4-point function

Dy = (G, + py + p3)’

Ds = (g, + p, + p3)°

Dg = (G, +py+ ps+py)°
D; = (G, — 4’

Numerator

/

N(qy, Gy 1p})
H;lDi(éb 629 {p})

The Numerator is a function of few constituents
(Lorentz scalars):

G- a) - (G;-p) s pi-p),(G;-n)
L~ (-pp=0

[transverse vector]

G. Bevilacqua
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2-loop reduction: a toy example

N(Gy. Gy 1P})
szlDi(QD 92 {p})

N(G1, G {pY) = (G1-3) (P2 P3) + (Gy-ps) (Pr-P2)
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2-loop reduction: a toy example

N(G1, G {pY) = (G- 3) (P2 P3) + (Gy-py) (P1 - P2)

1
=——(D; = Dy = Dy)(py-p3) + (G2 ps) (P1-P2)

2

)

D, = (Gy + py + p3)°

Ds = (g, + py + p3)°

Ds = (g + Py + p3 + Py’
D; = (q; — @)

N(G1, G, {P})

H17=1 Di(QP 92 {p})

» Part of the above scalars can be reduced in terms of the D,’s appearing in the Denominator:

Reducible Scalar Products (RSP)

G. Bevilacqua
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2-loop reduction: a toy example

N(Gy. Gy 1P})
szlDi(QP 92 {p})

N(G1, G {pY) = (G1-3) (P2 P3) + (Gy-py) (Pr - P2)

1
=——>(D; = Di = D)(py-py) + (@ p2) (Pr-P)

D, = (Gy + py + p3)°

Ds = (g, + py + p3)°

Ds = (g + Py + p3 + Py’
D; = (q; — @)

» Part of the above scalars can be reduced in terms of the D,’s appearing in the Denominator:
Reducible Scalar Products (RSP)

« The subset of scalars that cannot be decomposed this way are Irreducible Scalar Products (ISP)
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2-loop reduction: a toy example

N(Gy. Gy 1P})
H:lei(QD 92 {p})

N(G1, G {pY) = (G1-G) (P2 p3) + (Gy-ps) (Pr- D)

1
=——(D; = D, — Dy))(py-p3) + (Gy-ps) (P1-P2)

2
D, = g, KA
D, = 5]22
Dy = (G, + py)° A = Jdé d7 —(py - p3)/2 + (P2 - p3)/2
2L — 1 2
D, = (G, + p, + p3)° Dy D, D;DyDsDg D, D3 Dy Ds Dg Dy
— (= 2 _
Ds = (g, + p, + p3) 2 P2 @) (i)
D6 — (ql +p2+p3 +p4) D1D3D4D5D6D7 D1D2D3D4D5D6D7

D, = (G, — §)°

» Part of the above scalars can be reduced in terms of the D,’s appearing in the Denominator:
Reducible Scalar Products (RSP)

+ The subset of scalars that cannot be decomposed this way are Irreducible Scalar Products (ISP)

- After reduction, the 2-loop amplitude is a combination of simpler Feynman integrals
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Take home message

~ A generic 2-loop amplitude can be reduced in the following form:

o [m-zen
AL i \
!

Feynman
coefficients integrals
< If we know how to:
determine the coefficients, — [Taskn.l]
» decompose all Feynman integrals into Master Integrals (using IBP), — [Task n.2]

then we know how to compute &5; .

~ WVe are working to establish a method which allows to perform the above tasks
in automated form and for arbitrary processes

Currently focusing on Task n.l: extracting coefficients at integrand level
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Parametrising the Numerator

o The first step is to build a general parametrisation of the Numerator:

i<j i<j<k

+ The PY ’s are polynomials built out of the available ISP’s :

P(X) —_ Z CkMk(ql’QZ’ {p}) — €.4. Mk (QI p2) (qZ p4)3
k

- The ¢, - that we want to extract - are functions of external momenta only:

¢, = cl{r})

* We need an ansatz to characterise the polynomials:

How many terms ! * Analytic structure of each term ?

Maximal power ? [ — can be deduced from loop integral’s rank]

G. Bevilacqua INPP Annual Meeting 2025



Extracting coetticients

N(Gy, Gy {p}) = P™ + Z Pi(m—l) D, + Z Pém—Z) D, D; + Z Pl§m—3) D.D;D; + --

i<j i<j<k

Once the ansatz is established, extract coefficients PY = Z cx Mi(G15 G2 {P})
k

~| Method n.I: global fit

» given the external kinematics ({p}), sample N(g,, G,, {p}) with random {gG,, G,}

A (M, - My, ) (1) R
| = : < N=M-¢

\Nm) \Mml Mmm/ \Cm)

Linear system

all coefficients of {P", Pi(m_l), Pl§.m_2), ...} are extracted at the same time

< huge system of equations! Not the most efficient method, but feasible numerically
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Extracting coetticients

N(Gy, Gy {p}) = P™ + Z Pi(m—l) D, + Z Pém—Z) D, D; + Z Pl§m—3) D.D;D; + --

i<j i<j<k

Once the ansatz is established, extract coefficients PY = Z cx Mi(G15 G2 {P})
k

| Method n.2: iterative fit
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Extracting coetticients

N@.3x{p}) = P+ Y P@ID, + ZP;. DD + ) P,§m><jDk ¥ ..

i<j i<j<k

Once the ansatz is established, extract coefficients PY = Z cx Mi(G15 G2 {P})
k

| Method n.2: iterative fit

Sample N using sets of {G,, G,} such that all D;’s vanish (= “maximal-cut solutions”);
extract coefficients of P"";
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Extracting coetticients

NGy, Go, {p}) — P™ = Zpi(m—l)Di + ZP; D;D; + Z P,§m><jDk + e

i<j i<j<k

Once the ansatz is established, extract coefficients PY = Z cx Mi(G15 G2 {P})
k

| Method n.2: iterative fit

Sample N using sets of {G,, G,} such that all D;’s vanish (= “maximal-cut solutions”);
extract coefficients of P"";

Sample N — P using sets of {;, §,} such that all D;’s except D, vanish ( — “next-to-
maximal cuts”); extract coefficients of Pl.(m_l);
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Extracting coetticients

i<j i<j<k

Once the ansatz is established, extract coefficients PY = Z cx Mi(G15 G2 {P})
k

| Method n.2: iterative fit

Sample N using sets of {G,, G,} such that all D;’s vanish (= “maximal-cut solutions”);
extract coefficients of P"";

Sample N — PU™ using sets of {g,, §,} such that all D,’s except D; vanish ( — “next-to-
maximal cuts”); extract coefficients of Pi(m_l);

Proceed iteratively till all polynomials are reconstructed

< Consistency check: original Numerator = ansatz Numerator ( = “N = N test” )
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lterative fit: analytic vs numeric approach

NG, G {p}) = P™ + Y P™ VD, + ZPlg.m—?)DiDj + ) P DD Dy + -
i

i<j i<j<k

< If N is known analytically (— iterative “linear fit” method)

Cut equations translate into linear relations which constrain (part of) the ISPs

Dz - 622 D.=0
_ —_—) 2 =

D; = (g, + P2)2 .

Dy = (G, + py + p3)° D, =0

The more D/’s are set zero, the less ISP’s are left unconstrained

< P is simpler than Pi(m_l), which in turn is simpler than Pl§.m_2) etc...

This method is independent of dimensionality, therefore it works in either d = 4 or in
d = 4 — 2¢ dimensions

However, it cannot be used if NV is computed by a fully numerical framework
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lterative fit: analytic vs numeric approach

(m=2) (m=3)

i<j<k

N(él?éZa {p}) — P(m) + ZPi(m_l)Di +
i

i<j

< If N is known numerically (— iterative “numerical fit” method)

*  We need to build explicit solutions for g, g,
>t Hooft-Veltman scheme
DPis ---»P, (ext. momenta) ind =4 q% — 6]12 + 4y
d1-G, (loop momenta)ind =4 — 2¢ C_I% — q22 + 4y,
T. « (] - B +
S g,q, have 8 + 3 =|11|d.of. _(611 ) = (@ 9) +

* Ind =4 — 2¢, there is sufficient freedom to guarantee that cut equations, at any level,

admit a unique parametric solution for ¢, ¢:

D, =0 q1 = q:({p}, X) N
D. =0 5 [X, p;; = free parameters]
2 — @ =gp}X)
: more D; > 0 < less free parameters
D,=0 H11-H125H22

+ Once q,, g, ;; are known, feed /N and solve linear system to extract coefficients...

+ Requires a procedure to supplement evanescent terms (  ;;, € ) to N numerically

INPP Annual Meeting 2025
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lterative fit: analytic vs numeric approach

> What if we work in d = 4? & ) R, rational terms must to be provided at some later stage

Cut solutions do not admit a unique parametric solution in general!
They are structured in different branches:

D; =0 {aVp). ), Apy 5 ) —— 1 branch
D, = {a(p) D), q(p). D)} —— " branch
m

Solutions from all branches need to be considered for coefficient extraction.
The system has a larger number of rows:

(D))
Nf) ( M1,1 Ml,m \ (¢))

||
)
=|
||
=

\Ng)) \Mm-r,l Mm-r,m) \Cm)

However, there are cases where where the matrix M is rank deficient.
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Status of checks

@ Successful reconstruction of numerators (N = N test) for the following 2-loop topologies:

2, &
é 7,
“double box” “non-planar “penta-triangle ” “hexa-bubble” “penta-box” “six-photon”
double box”
FITTING METHOD
Iterative Iterative numeric Iterative numeric
TOPOLOGY linear (d =4 - 2e) (d=4) Global

double box

non-planar double box

penta-triangle

*

hexa-bubble

*

penta-box

*

six-photon
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Computing Numeratorsind = 4 — 2¢

o Towards numerical computation of dimensionally regularised numerators

< see also talks at INPP Annual Meeting 2024 and HOCTools mini-workshop

- Basic idea: compute evanescent terms (  //;;, €) in the context of

d = 4 recursive calculation

[i,j =1,2]

&l (g; - C]j)X] = ﬂin

%[Z (q; - Sk,z) (‘Ij | a)m) X] = /"iJ’X li.j=12]
A

%[Z (€,- 0 ) X1 =(Wd-4HX [i.j =1.2]
A

ELY (61, 01,) (e, @y,) X1 = (d—HX

Ay

%[ Z (81’/11 . 0)2’/12) (82,/12 . 0)1’/11) X] — (d - 4)X
Ao

ELY (61, e2) (@, w,,) X1 = (d—HX
/11’}’2

Completed proof of concept for double-
box topology (gg — 88)

: _ql a)l ..
O e O
—Q2 <. 1 :
.\ - g & lql YO
QA o, 0
Q %) 0lei0)S D
o &2 D
J_(N)a — J(N)a
(N) ~a (N) »a
+ Ve v oMy + G,V af
~ o~ N ~ pted N
+ @ -&) e g + e gy + 0]
2
5~ (N) ~ N ~a
+ Z (8i qJ)[ Cgin’gI q(f + Cg(iqj'),c(lxz q2 +
ij=1
N sa N
Céiqj)’gl & Jg(iqj) a ]
2
N o~ Ny~ o~ N ~
i,j=1 ~
(N)a a (N)«a
Cgl%gz%’% q2 + J€16]/826]_/

G. Bevilacqua
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Part Il.

Towards SMEFT phenomenology with HELAC

G. Bevilacqua, M. Reinartz, M.Worek

t r v
_ | }( t |§§§
t - = - —-H

IO —€— ¢ .

G. Bevilacqua INPP Annual Meeting 2025



New Physics exploration at the energy frontier

SM

Eire

< Target: resonant signals (bumps)

* "Natural” approach of high-energy colliders: perform direct searches of
new particles/resonances

* What if the mass of the new particle(s) is beyond energy reach?

G. Bevilacqua INPP Annual Meeting 2025



New Physics exploration at the energy frontier

SM

ELnc E > Eic

< Target: non-resonant signals (tails)

Standard Model Effective Field Theory — SMEFT

EFT operator

L =Lg,+ Z+ Zci(g)% ¥ ..
/ i/ . i

©9=4 Wilson coeff.

only SM particles

SMEFT scale new interactions

» Paradigm shift — BSM effects show up
as tiny deviations from SM

 Need for a model-independent bridge to
underlying theories

138 fb' (13 TeV)
[CMS, JHEP12 (2023) 068 | CMS
e, R Preliminary
&) = T
e —
o]
20 ’ ——
ch .......... i............
Cow L
Cg * 2 R
Coa¥2| i 1 T
G+ 3
Ce T
Cw I S
S R
Caa BSOS
Ciy =
o =
Cux5 T—
1" —
Coqx5
Caa x5 — :
Coo* Sy i b Lo LT b e s Lis

108 6 4 2 0 2 4 6 8 10
Wilson coefficient / A? [TeV?)

G. Bevilacqua INPP Annual Meeting 2025

24


https://link.springer.com/article/10.1007/JHEP12(2023)068

Early example of EFT: Fermi theory

U

Fermi’s theory

[Vs < My ]

W-boson exchange (SM)

[\/E“MW]

Fermi theory

Standard Model

G. Bevilacqua
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A=
>

4 G

——— (pr"Pry) (wr"Prw)

V2

1

5

8
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SMEFT operators

[Ellis et al., JHEP 04 (2021) 279 ]

© Different processes are most
sensitive to different operators

top EW ﬂ

X3 HS and H*D? V2 H?
Oc FABCGAGBrGGr On (HTH)3 O, (H1H)(lye, H)
Oy | fABCGIGErGSH || Oun (H'H)O(H'H) Oun (H'H)(gpu,H)
Ow | eEWlwlewke || Oy, | (HID#H)" (HID,H) | O (HH)(gyd- H)
Oy | eVEwWhwlewke
X2H?2 V2XH V2H2D
Ouo HYH GA,GAw O | (po"e,)r! HWY, oW (H’ff_:ﬁ# H)(T,71,)
0,z HYH G4,GA O.n (I,0" ey)H By, o) (HTz'D(é H)(lrI4#1,)
Onw H'H I:IQ{,, Winv . (ﬁpa"”TAu,-){? G4, O (Hfz'g,, H)(epy*er)
O, HtH W], Wi Ouw (@ up)T! H WL, o) (Hfip# H)(Gp"qr)
Ousn H'H B, B Ous (§p0*uy)H B oy (Hfz'DéH)(qp'rI Hqy)
O, H'H B,, B* Oue (gpo**T4d,)H G4, O (Hfi%. H)(tpy"uy)
Ouws HirlH W], B Ouw (gpotdy )T H W], Ona | (H'D, H)(dyy"d,)
Ouivn HirTHW!, B e (gpo*“d,)H B,, Ouwa  i(H D H)(upy"d,)
(LL)(LL) (RR)(RR) (LL)(RR)
Ou (l_p’Yplr) (l_s’Y“lt) O.. (ép'Yuer)(és’Y“et) O (l_p’htlr )(esner)
oL (@pYuar) (@57 at) Ouu (pyurr) (usy ue) O, (l_p7#lr)(1_‘S’7“ ut)
0P | @wm'e) @V 'a) | Ouw (dpyudy) (dsy*dy) Ou (Lpvulr ) (dsy* dy)
o (pvulr) (@) 0.. (epvuer) (s uy) 0,. (Tpu-) (Es7*er)
01(3 : (l_p'VuTIlr)(‘?s'Y“TIQt) O.a (ép’err)(JS'Y“dt) Ot(,t) (@pYugr) (usy ue)
o5 (Gpyutr) (dsy™dy) OB | (gpvuT*ar) sy T uy)
O.(f:;) (ap’YuTAur) (JS’Y#TAdt) oc(zzli) (‘jp'htqf)(‘zs?’“ dy)
0% | (@wT"e)dsy" T d,)
(LR)(RL) and (LR)(LR) B-violating
Oheag (Her)(dsq?) O ey |(d3)TCuf| (1) Cll|
O @u)en(@d) || Ouu e, [(g57)TCaf*| [(uq)TCel]
0% (BT u)ep(@TAd) || Oug e snerm [ (g57)TCaE*| (™) TClp]
O Beep@w) | Ouw e [(d)TCuf | [(u))TCel]
Ol Bouwer)ein(@5o™ ur)

G. Bevilacqua

f Diboson
f Cw \ ~
ttv—\
r
C ) Ca
( i CHWB CHD CYll (D "
Cus C o) oW CHQ CtW
C He Hl Hl 0(3) C
HW 0(3) C(l) C C HQ tB
Core kqu Hq Hu Hd J ngl
c |\ EWPO )
Chomr Ce CL2 CE2 CF, CF
Crn Co C C& Cp
o : o
Higgs

< global SMEFT fits
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https://link.springer.com/article/10.1007/JHEP04(2021)279

SMEFT operators

[Ellis et al., JHEP 04 (2021) 279 ]

X3 H®% and H*D? V2 H? .
Oc | fAPCGIGRGEE || Oy (HH)? O (HH) (e, H) - Focus on:
Oz FABCGAvGBrGSr || Oy (H'H)O(H'H) | O (H'H)(gpurH) I t¢ §b G
Ow | eEWlwlewke || Oy, | (HID#H)" (HID,H) |~ O (HTH) (g4, H)
Oy | IETIWIowKn
X2H? V2 XH $2H?D tG
Ouc | HIHGLGW™W || Ow | (o e)r HW, || OR | (H'iD, H)(p)
0,~ HTH GA,GWv O.p l,o"e,)HB,, o | (H'D! H)(Ir "1,
Ome | HEHWLW 06| @oTruwAGH| || Ou | (D, H) G ~ Interesting applications to:
O, HYH W],wiww Ouww | (@ u)r! HW], oy | (H'D, H)(g"qr)
O H'H B, B i @y )H By Ot (HHBAIH (@7 ar) . TOP CIUaI‘k Ph)’SiCS
0,5 HYH B, B* Ow | (Go™TAL)HGL, | Ou. | (HYiD, H)(py u,)
Owws |  HITHWLBY | O | (od)r!HW), | Ops | (HYD, H)(@n"d,) » Higgs physics
Ouis | HIT'HWL B Oun (Gpo*d,)H By, Ouua  i(HID,H)(upy"d,)
(LL)(LL) (RR)(RR) (LL)(RR) < e.g.:study of 1-H interaction
Ou (l_p’Yulr)(l_s’Y“lt) O.. (ép'Yuer)(és’Y“et) O (l_p’Yulr)(ES'Yuet)
oL (@pYuar) (@57 at) Ouu (pyurr) (usy ue) O, (l_p7#lr)(1_‘S’7“ ut)
02 | @wr'a)@'m'a) | Ow |  (dpud)(dsrdy) Ou | (pwlr)dsrds) | oo ! t t t
0 | Gud@re) | Ou | Eued@atw) || Ow | @ue)@ata) i ——-H M . . ?{f
Ot(j) (l_p’YuTIlr)(‘?s'Y“TIQt) O.a (ép’hter)(d_s'y#dt) O (TpVuar) (usy ue) t t - T°"H o “H
(@ (TpYuur) (dsy*dy) O | (T q) (@ T w) W
02 | @I u) (s TAd) || O | (@pugr)(dsy*de) Wt ! w\
033) (5P7#TAQr)(J37#TAdt) ---H % "H t—»—:,
(LR)(RL) and (LR)(LR) | B-violating D —— ; R b
Oheag (Her)(dsq?) O ey |(d3)TCuf| (1) Cll|
O @u)en(@d) || Ouu e, [(g57)TCaf*| [(uq)TCel]
0% @TAu)ep(@ETAD) || Ou e jnerm [(g59)TCa*| [(@™TClp] Goal: extend HELAC framework to
O Gelen@uw) | O = (@yTon] [enToe carry out NLO-accurate SMEFT studies
Oftaw (Bouver)ejn (@50 ur)
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https://link.springer.com/article/10.1007/JHEP04(2021)279

The HELAC-NLO framework

Ossola, Papadopoulos and Pittau
JHEP 03 (2008) 042

CUTTOOLS

‘ HELAC-1LOOP I

Extended to SMEFT
JHEP 09 (2009) 106

van Hameren, Papadopoulos and Pittau | ONELOOP

van Hameren,
HELAC-NLO Comput. Phys. Commun. 182 (2011) 2427

N %
N G.B, Czakon, Garzelli, van Hameren, ; ‘

t Kardos, Papadopoulos, Pittau, Worek

Comput.Phys.Commun. 184 (2013) 986-997 HELAC"DIPOLES

u

p ROOT Czakon, Papadopoulos and Worek, van Hameren,

I [ ] JHEP 08 (2009) 085 1003.4953 [hep-ph].
e G.B, Czakon, Kubocz and Worek,

JHEP 10 (2013) 204
S
Extended to SMEFT

N %

-+ On-the-fly event reweighting for scale/PDF variation
‘ HEPLOT I * Flexible cuts, histogramming tools

G.B, (2019) < SMEFT events for associated 1r + X

G. Bevilacqua INPP Annual Meeting 2025


https://iopscience.iop.org/article/10.1088/1126-6708/2008/03/042
https://iopscience.iop.org/article/10.1088/1126-6708/2009/09/106
https://www.sciencedirect.com/science/article/abs/pii/S0010465511002219?via=ihub
https://link.springer.com/article/10.1007/JHEP10(2013)204
https://www.sciencedirect.com/science/article/abs/pii/S0010465512003761?via=ihub
https://arxiv.org/abs/1003.4953
https://iopscience.iop.org/article/10.1088/1126-6708/2009/08/085

Extending HELAC to SMEFT

[ “HELAC-SMEFT” ]

~ Interface to generic BSM models using the UFO format

FeynRules )
M

. ey MC program )
Od el ﬁl e + VertlceSJ rython _— =
Alloul, Christensen, Duhr, .
I[Degrande, Fuks, '09-"13] *UFO = Universal FeynRules Output

[Darmé et al., Eur.Phys.J.C 83 (2023) 7, 631]

~ Steps to development:

- Automated color-flow decomposition & vertex functions from UFO

- Automated generation of fortran code to be interfaced to HELAC

* Updated algorithms for loop-topology generation and optimised
recursive computation

~< X

G. Bevilacqua INPP Annual Meeting 2025


https://link.springer.com/article/10.1140/epjc/s10052-023-11780-9

Valigation: matrix elements

D

T
[gg > l‘fH] OsMEET = OsM + Z_l_ Z 11\4] o~ »G G
[ i,j

- 10 partial contributions
add up to ogvEERT

~ Checks of IR-pole cancellation (— KLN theorem) t
LO : 0.3900128317174726344349682D-03 - _
“H

1-LOOP (eps™0) : -0.1641332696864944402062179D-02

g 1-LOOP (eps™-1) : 0.47889491582013217137248720—03\ {
I-operator (eps”™-1) : -0.4788949158201321713724872D-03
1-LOOP (eps™-2) : -0.6592096357898292744727983D-04

| I-operator (eps~-2) : 0.65920063578982927447279830-04 |

© l-loop matrix elements checked against Madgraph
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Validation:

total cross sections

pp — itH OSMEFT = OsMm T Z"‘ Z
13 TeV = A = A
LO [pb] - IHE?TS?;;TZ?";23 HELAC-SMEFT
Osu 0.464 0.464
Ot —0.055 —0.055
OyG 0.627 0.627
01G 0.470 0.469
Ot 1p 0.016 0.016
Ot pG —0.037 —0.037
Otp1G —0.028 —0.028
gexe 0.646 0.646
OpG,1G 0.627 0.627
0:G1G 0.645 0.645
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— See also Jonathan Hermann’s
PhD thesis (RWTH Aachen)

Checks of NLO cross
sections in progress


https://publications.rwth-aachen.de/record/975160

Supervision and |local outreach activities

* Master thesis project:

“Study of Higgs-strahlung process at lepton colliders” (A. Fotopoulos, in progress)

Supervisor: C. Papadopoulos

* Internship project:

“Study of top-philic Z' in four-top production at LHC”

(G. Zachou, L. Stamatelopoulos)

Supervisor: G. Bevilacqua

« Qutreach talk:

“A promenade through fundamental interactions and particles™

G. Bevilacqua, February 2025

[Kim et al., Phys. Rev. D 94, 035023 (2016)]
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— collaboration with Aimilia Smyrli (T'pa¢geio Ekmaideuong)
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Thank you for your attention
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