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Part 1. 

Two-loop amplitude reduction

 C. Papadopoulos, G. Bevilacqua,  A. Spourdalakis, D. Canko, N. Dokmetzoglou

⋮
⋮⋮ ⋮ ⋮ ⋮ ⋮

⋯
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Anatomy of 2-loop amplitudes

p4

p1 p2

p3

D6

D1 D2

D3

D4D5

D7

q1 q2

q1 − q2

example: 4-point function

D1 = q̄1
2

D2 = q̄2
2

D3 = (q̄2 + p2)2

D4 = (q̄2 + p2 + p3)2

D5 = (q̄1 + p2 + p3)2

D6 = (q̄1 + p2 + p3 + p4)2

D7 = (q̄1 − q̄2)2

“Propagators”

2-loop amplitudes are crucial ingredients (and often bottlenecks) for theory predictions 
accurate at NNLO

A2L = ∫ ddq̄1 ddq̄2
N(q̄1, q̄2, {p})

∏7
i=1 Di(q̄1, q̄2, {p})
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Anatomy of 2-loop amplitudes

p4

p1 p2

p3

D6

D1 D2

D3

D4D5

D7

q1 q2

q1 − q2

example: 4-point function
Numerator

2-loop amplitudes are crucial ingredients (and often bottlenecks) for theory predictions 
accurate at NNLO

D1 = q̄1
2

D2 = q̄2
2

D3 = (q̄2 + p2)2

D4 = (q̄2 + p2 + p3)2

D5 = (q̄1 + p2 + p3)2

D6 = (q̄1 + p2 + p3 + p4)2

D7 = (q̄1 − q̄2)2

The Numerator is a function of few constituents 
(Lorentz scalars):

(q̄i ⋅ q̄j) , (q̄i ⋅ pj) , (pi ⋅ pj) , (q̄i ⋅ η)
(η ⋅ pj) ≡ 0

[transverse vector]

A2L = ∫ ddq̄1 ddq̄2
N(q̄1, q̄2, {p})

∏7
i=1 Di(q̄1, q̄2, {p})
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2-loop reduction: a toy example

N( q̄1, q̄2, {p} ) ≡ (q̄2 ⋅ p4)+(q̄1 ⋅ q̄2) (p2 ⋅ p3) (p1 ⋅ p2)
A2L = ∫ ddq̄1 ddq̄2

N(q̄1, q̄2, {p})

∏7
i=1 Di(q̄1, q̄2, {p})
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2-loop reduction: a toy example

N( q̄1, q̄2, {p} ) ≡ (q̄2 ⋅ p4)+(q̄1 ⋅ q̄2) (p2 ⋅ p3) (p1 ⋅ p2)

= −
1
2

(D7 − D1 − D2) +(p2 ⋅ p3) (q̄2 ⋅ p4) (p1 ⋅ p2)

D1 = q̄1
2

D2 = q̄2
2

D3 = (q̄2 + p2)2

D4 = (q̄2 + p2 + p3)2

D5 = (q̄1 + p2 + p3)2

D6 = (q̄1 + p2 + p3 + p4)2

D7 = (q̄1 − q̄2)2

A2L = ∫ ddq̄1 ddq̄2
N(q̄1, q̄2, {p})

∏7
i=1 Di(q̄1, q̄2, {p})

• Part of the above scalars can be reduced in terms of the ’s appearing in the Denominator:  
Reducible Scalar Products (RSP)

Di
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2-loop reduction: a toy example

N( q̄1, q̄2, {p} ) ≡ (q̄2 ⋅ p4)+(q̄1 ⋅ q̄2) (p2 ⋅ p3) (p1 ⋅ p2)

= −
1
2

(D7 − D1 − D2) +(p2 ⋅ p3) (q̄2 ⋅ p4) (p1 ⋅ p2)

D1 = q̄1
2

D2 = q̄2
2

D3 = (q̄2 + p2)2

D4 = (q̄2 + p2 + p3)2

D5 = (q̄1 + p2 + p3)2

D6 = (q̄1 + p2 + p3 + p4)2

D7 = (q̄1 − q̄2)2

A2L = ∫ ddq̄1 ddq̄2
N(q̄1, q̄2, {p})

∏7
i=1 Di(q̄1, q̄2, {p})

• Part of the above scalars can be reduced in terms of the ’s appearing in the Denominator:  
Reducible Scalar Products (RSP)

Di

• The subset of scalars that cannot be decomposed this way are Irreducible Scalar Products (ISP)
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2-loop reduction: a toy example

N( q̄1, q̄2, {p} ) ≡ (q̄2 ⋅ p4)+(q̄1 ⋅ q̄2) (p2 ⋅ p3) (p1 ⋅ p2)

= −
1
2

(D7 − D1 − D2) +(p2 ⋅ p3) (q̄2 ⋅ p4) (p1 ⋅ p2)

• Part of the above scalars can be reduced in terms of the ’s appearing in the Denominator:  
Reducible Scalar Products (RSP)

Di

A2L = ∫ ddq̄1 ddq̄2
N(q̄1, q̄2, {p})

∏7
i=1 Di(q̄1, q̄2, {p})

• The subset of scalars that cannot be decomposed this way are Irreducible Scalar Products (ISP)

• After reduction, the 2-loop amplitude is a combination of simpler Feynman integrals

D1 = q̄1
2

D2 = q̄2
2

D3 = (q̄2 + p2)2

D4 = (q̄2 + p2 + p3)2

D5 = (q̄1 + p2 + p3)2

D6 = (q̄1 + p2 + p3 + p4)2

D7 = (q̄1 − q̄2)2

A2L = ∫ dq̄1 dq̄2 { −(p2 ⋅ p3)/2
D1 D2 D3 D4 D5 D6

+
(p2 ⋅ p3)/2

D2 D3 D4 D5 D6 D7

+
(p2 ⋅ p3)/2

D1 D3 D4 D5 D6 D7
+

(q̄2 ⋅ p4) (p1 ⋅ p2)
D1 D2 D3 D4 D5 D6 D7 }
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Take home message

We are working to establish a method which allows to perform the above tasks 
in automated form and for arbitrary processes

𝒜2L = ∑
i

ai Fi

coefficients
Feynman 
integrals

A generic 2-loop amplitude can be reduced in the following form:

q1 q2

⋮

⋮⋮

Currently focusing on Task n.I: extracting coefficients at integrand level

• determine the coefficients,
• decompose all Feynman integrals into Master Integrals (using IBP),

If we know how to:

then we know how to compute  .𝒜2L

[Task n.1]

[Task n.2]
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Parametrising the Numerator

The first step is to build a general parametrisation of the Numerator:

N(q̄1, q̄2, {p}) = P(m) + ∑
i

P(m−1)
i Di + ∑

i<j

P(m−2)
ij Di Dj + ∑

i<j<k

P(m−3)
ij Di Dj Dk + ⋯

• The  ’s are polynomials built out of the available ISP’s :P(x)

P(x) = ∑
k

ck Mk(q̄1, q̄2, {p}) Mk = (q̄1 ⋅ p2) (q̄2 ⋅ p4)3→ e.g.: 

• We need an ansatz to characterise the polynomials:

• How many terms ? • Analytic structure of each term ?

• Maximal power ? [  can be deduced from loop integral’s rank]→

• The   - that we want to extract -  are functions of external momenta only:  ck

ck = ck( {p} )
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Extracting coefficients

Once the ansatz is established, extract coefficients

N(q̄1, q̄2, {p}) = P(m) + ∑
i

P(m−1)
i Di + ∑

i<j

P(m−2)
ij Di Dj + ∑

i<j<k

P(m−3)
ij Di Dj Dk + ⋯

P(x) = ∑
k

ck Mk(q̄1, q̄2, {p})

• given the external kinematics ( ), sample  with random { }{p} N(q̄1, q̄2, {p}) q̄1, q̄2

N1
⋮

Nm

=
M11 ⋯ M1m

⋱
Mm1 ⋯ Mmm

c1
⋮
cm

↔ ⃗N = M ⋅ ⃗c

Linear system

• all coefficients of { } are extracted at the same timeP(m), P(m−1)
i , P(m−2)

ij , …

  huge system of equations!  Not the most efficient method, but feasible numerically ↪

 Method n.1:  global fit
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Extracting coefficients

N(q̄1, q̄2, {p}) = P(m) + ∑
i

P(m−1)
i Di + ∑

i<j

P(m−2)
ij Di Dj + ∑

i<j<k

P(m−3)
ij Di Dj Dk + ⋯

P(x) = ∑
k

ck Mk(q̄1, q̄2, {p})

 Method n.2:  iterative fit

Once the ansatz is established, extract coefficients
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Extracting coefficients

N(q̄1, q̄2, {p}) = P(m) + ∑
i

P(m−1)
i Di + ∑

i<j

P(m−2)
ij Di Dj + ∑

i<j<k

P(m−3)
ij Di Dj Dk + ⋯

P(x) = ∑
k

ck Mk(q̄1, q̄2, {p})Once the ansatz is established, extract coefficients

 Method n.2:  iterative fit

• Sample  using sets of { } such that all ’s vanish (  “maximal-cut solutions”); 
extract coefficients of ;

N q̄1, q̄2 Dk →
P(m)
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Extracting coefficients

N(q̄1, q̄2, {p}) − P(m) = ∑
i

P(m−1)
i Di + ∑

i<j

P(m−2)
ij Di Dj + ∑

i<j<k

P(m−3)
ij Di Dj Dk + ⋯

P(x) = ∑
k

ck Mk(q̄1, q̄2, {p})

• Sample  using sets of { } such that all ’s except  vanish (  “next-to-
maximal cuts”); extract coefficients of ; 

N − P(m) q̄1, q̄2 Dk Di →
P(m−1)

i

Once the ansatz is established, extract coefficients

 Method n.2:  iterative fit

• Sample  using sets of { } such that all ’s vanish (  “maximal-cut solutions”); 
extract coefficients of ;

N q̄1, q̄2 Dk →
P(m)
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Extracting coefficients

N(q̄1, q̄2, {p}) − P(m) − ∑
i

P(m−1)
i Di = ∑

i<j

P(m−2)
ij Di Dj + ∑

i<j<k

P(m−3)
ij Di Dj Dk + ⋯

P(x) = ∑
k

ck Mk(q̄1, q̄2, {p})

• Sample  using sets of { } such that all ’s except  vanish (  “next-to-
maximal cuts”); extract coefficients of ; 

N − P(m) q̄1, q̄2 Dk Di →
P(m−1)

i

Once the ansatz is established, extract coefficients

• Sample  using sets of { } such that all ’s vanish (  “maximal-cut solutions”); 
extract coefficients of ;

N q̄1, q̄2 Dk →
P(m)

• Proceed iteratively till all polynomials are reconstructed

⋮

Consistency check: original Numerator = ansatz Numerator (  “  test” )→ N = N↪

 Method n.2:  iterative fit
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Iterative fit: analytic vs numeric approach

• The more ’s are set zero, the less ISP’s are left unconstrainedDi

↪  is simpler than , which in turn is simpler than  etc…P(m) P(m−1)
i P(m−2)

ij

• Cut equations translate into linear relations which constrain (part of) the ISPs

D1 = 0
D2 = 0

Dm = 0
⋮

D1 = q̄1
2

D2 = q̄2
2

D3 = (q̄2 + p2)2

D4 = (q̄2 + p2 + p3)2

⋮

e.g.

• This method is independent of dimensionality, therefore it works in either  or in 
 dimensions

d = 4
d = 4 − 2ε

N(q̄1, q̄2, {p}) = P(m) + ∑
i

P(m−1)
i Di + ∑

i<j

P(m−2)
ij Di Dj + ∑

i<j<k

P(m−3)
ij Di Dj Dk + ⋯

If  is known analytically (  iterative “linear fit” method)N →

• However, it cannot be used if  is computed by a fully numerical frameworkN
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Iterative fit: analytic vs numeric approach

If  is known numerically (  iterative “numerical fit” method)N →

• We need to build explicit solutions for q̄1, q̄2

•   (loop momenta) in q̄1, q̄2 d = 4 − 2ε

•   (ext. momenta) in p1, …, pn d = 4

’t Hooft-Veltman scheme

q̄2
1 = q2

1 + μ11

q̄2
2 = q2

2 + μ22

(q̄1 ⋅ q̄2) = (q1 ⋅ q2) + μ12     have    d.o.f. ↪ q̄1, q̄2 8 + 3 = 11

• In , there is sufficient freedom to guarantee that cut equations, at any level, 
admit a unique parametric solution for :

d = 4 − 2ε
q̄1, q̄2

• Once  are known, feed  and solve linear system to extract coefficients…q1, q2, μij N

N(q̄1, q̄2, {p}) = P(m) + ∑
i

P(m−1)
i Di + ∑

i<j

P(m−2)
ij Di Dj + ∑

i<j<k

P(m−3)
ij Di Dj Dk + ⋯

• Requires a procedure to supplement evanescent terms (  ) to  numerically∝ μij, ε N

D1 = 0
D2 = 0

Dm = 0
⋮

→
[  = free parameters]⃗x, μij

more     less free parametersDi → 0 ↔

q1 = q1({p}, ⃗x)
q2 = q2({p}, ⃗x)
μ11 , μ12 , μ22
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Iterative fit: analytic vs numeric approach

What if we work in ? d = 4 (*)

• Cut solutions do not admit a unique parametric solution in general! 
They are structured in different branches:

• Solutions from all branches need to be considered for coefficient extraction. 
The system has a larger number of rows:

N(1)
1
⋮

N(r)
m

=
M1,1 ⋯ M1,m

⋱
Mm⋅r,1 ⋯ Mm⋅r,m

c1
⋮
cm

⃗N = M ⋅ ⃗c↔

  rational terms must to be provided at some later stage(*) R2

D1 = 0
D2 = 0

Dm = 0
⋮

→
{q(1)

1 ({p}, ⃗x ) , q(1)
2 ({p}, ⃗x )}

{q(r)
1 ({p}, ⃗x ) , q(r)

2 ({p}, ⃗x )}
⋮

 branch1st

 branchrth

⋮

• However, there are cases where where the matrix  is rank deficient. M
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Status of checks
Successful reconstruction of numerators (  test) for the following 2-loop topologies:N = N

“double box” “non-planar  
double box”

“penta-triangle ” “hexa-bubble” “penta-box” “six-photon”

double box 

non-planar double box 

penta-triangle

hexa-bubble

penta-box

six-photon

Iterative 
linear

Iterative numeric 
( )d = 4 − 2ε

Iterative numeric 
( )d = 4 GlobalTOPOLOGY

FITTING METHOD

*

*

*

*

*

*
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Computing Numerators in d = 4 − 2ε

ℰ[ (qi ⋅ qj) X ] = μij X

ℰ[∑
λ

(qi ⋅ εk, λ) (qj ⋅ ωk, λ) X ] = μij X

ℰ[∑
λ

(εi, λ ⋅ ωi, λ) X ] = (d − 4) X

ℰ[ ∑
λ1,λ2

(ε1,λ1
⋅ ω1,λ1

) (ε2,λ2
⋅ ω2,λ2

) X ] = (d − 4) X

[i, j = 1,2]

[i, j = 1,2]

[i, j = 1,2]

ℰ[ ∑
λ1,λ2

(ε1,λ1
⋅ ω2,λ2

) (ε2,λ2
⋅ ω1,λ1

) X ] = (d − 4) X

ℰ[ ∑
λ1,λ2

(ε1,λ1
⋅ ε2,λ2

) (ω1,λ1
⋅ ω2,λ2

) X ] = (d − 4) X

Towards numerical computation of dimensionally regularised numerators

  see also talks at INPP Annual Meeting 2024 and HOCTools mini-workshop↪

Basic idea: compute evanescent terms ( )  in the context of  
 recursive calculation

∝ μij, ε
d = 4

ε2
ω2

ω1
ε1

q2

−q2 q1

−q1

J̄(N) α =

Cq1
(N ) q̃α

1 Cq2
(N ) q̃α

2+

ω̃α
1Cω1

(N)+ ε̃α
1Cε1

(N ) ++ ε̃α
2Cε2

(N )

(ε̃1 ⋅ ε̃2)+ C(N ) α
ε1ε2,q1

[ ]q̃1
α C(N ) α

ε1ε2,q2
q̃α

2+ + J(N ) α
ε1ε2

+ (ε̃i ⋅ q̃j) C(N ) α
εiqj,q1

[

]

q̃α
1 C(N ) α

εiqj,q2
q̃α

2+

C(N ) α
εiqj,ω1

ε̃α
i

+

+

2

∑
i, j=1

J(N ) α
εiqj

]

+ (ε̃1 ⋅ q̃i) C(N ) α
ε1qiε2qj,q1

[ q̃α
1

C(N ) α
ε1qiε2qj,q2

q̃α
2

+

+

2

∑
i, j=1

(ε̃2 ⋅ q̃j)

J(N ) α
ε1qiε2qj

J(N) α

+

Completed proof of concept for double-
box topology ( )gg → gg
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Part II. 

Towards SMEFT phenomenology with HELAC

 G. Bevilacqua, M. Reinartz, M. Worek

t

b

W
t

t̄

t t

t̄t
H H

t
t̄

t
t̄

H H

H

t

t
H
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New Physics exploration at the energy frontier

  Target: resonant signals (bumps)↪

• ”Natural” approach of high-energy colliders: perform direct searches of 
new particles/resonances

• What if the mass of the new particle(s) is beyond energy reach?



[CMS, JHEP12 (2023) 068 ]
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New Physics exploration at the energy frontier
• Paradigm shift  BSM effects show up 

as tiny deviations from SM
→

SMEFT Lagrangian

• only SM particles
• new interactions

• Need for a model-independent bridge to 
underlying theories

Standard Model Effective Field Theory — SMEFT

  Target: non-resonant signals (tails)↪

https://link.springer.com/article/10.1007/JHEP12(2023)068
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Early example of EFT: Fermi theory

Fermi theory            → A = −
4 GF

2
(ψ̄γμPLψ) (ψ̄γμPLψ)

Standard Model           → A =
g2

2 (ψ̄γμPLψ) (ψ̄γμPLψ) ( 1
p2 − M2

W )

GF

2
=

g2

8 M2
W

GF

2
=

g2

8 M2
W

μ− μ−

ν̄e

e− e−

ν̄e

νμ νμ

(SM)

[  ]s ≪ MW [  ]s ≈ MW

Muon decay
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SMEFT operators

Different processes are most 
sensitive to different operators

  global SMEFT fits↪

[Ellis et al., JHEP 04 (2021) 279 ]

https://link.springer.com/article/10.1007/JHEP04(2021)279
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SMEFT operators

Focus on: 𝒪ϕG

𝒪tW𝒪tG

𝒪tϕ

Interesting applications to:
• Top quark physics
• Higgs physics

  e.g.: study of -  interaction↪ t H

Goal: extend HELAC framework to 
carry out NLO-accurate SMEFT studies

[Ellis et al., JHEP 04 (2021) 279 ]

t t

t̄t
H H

t
t̄

t
t̄

H H

t

t
H

t

b

Wt

t
H

https://link.springer.com/article/10.1007/JHEP04(2021)279


[Bern et al.  ’14]

Catani-Seymour & Nagy-Soper subtraction

OPP reduction

• On-the-fly event reweighting for scale/PDF variation
• Flexible cuts, histogramming tools

[ROOT]

 G.B, Czakon, Garzelli, van Hameren, 
Kardos, Papadopoulos, Pittau, Worek
Comput.Phys.Commun. 184 (2013) 986-997

Ossola, Papadopoulos and Pittau
JHEP 03 (2008) 042 

 G.B, Czakon, Kubocz and Worek,
JHEP 10 (2013) 204 

 Czakon, Papadopoulos  and Worek,
JHEP 08 (2009) 085

van Hameren,
Comput. Phys. Commun. 182 (2011) 2427

van Hameren,
1003.4953 [hep-ph].

van Hameren, Papadopoulos and Pittau
JHEP 09 (2009) 106

 G.B, (2019)
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The HELAC-NLO framework

  SMEFT events for associated ↪ tt̄ + X

Extended to SMEFT

Extended to SMEFT

https://iopscience.iop.org/article/10.1088/1126-6708/2008/03/042
https://iopscience.iop.org/article/10.1088/1126-6708/2009/09/106
https://www.sciencedirect.com/science/article/abs/pii/S0010465511002219?via=ihub
https://link.springer.com/article/10.1007/JHEP10(2013)204
https://www.sciencedirect.com/science/article/abs/pii/S0010465512003761?via=ihub
https://arxiv.org/abs/1003.4953
https://iopscience.iop.org/article/10.1088/1126-6708/2009/08/085
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Extending HELAC to SMEFT

  “HELAC-SMEFT”

 Interface to generic BSM models using the UFO format

[Alloul, Christensen, Duhr, 
Degrande, Fuks, ’09-’13]

Steps to development:

• Automated color-flow decomposition & vertex functions from UFO
• Automated generation of fortran code to be interfaced to HELAC
• Updated algorithms for loop-topology generation and optimised 

recursive computation

t

t̄

t

t̄

t

 UFO = Universal FeynRules Output*
[Darmé et al., Eur.Phys.J.C 83 (2023) 7, 631]

https://link.springer.com/article/10.1140/epjc/s10052-023-11780-9


σSMEFT = σSM + ∑
i

Ci

Λ2
σi + ∑

i, j

Ci Cj

Λ4
σij

𝒪ϕG 𝒪tG𝒪tϕ

• 10 partial contributions
add up to σSMEFT
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Validation: matrix elements

Checks of IR-pole cancellation (  KLN theorem)→

 gg → tt̄H

1-loop matrix elements checked against Madgraph

t

t̄

H

t

t̄

H

H
t

t̄

H

t

t̄

H

t

t̄
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Validation: total cross sections

Checks of NLO cross 
sections in progress 

pp → tt̄H
13 TeV

LO [pb]   →

σSM

σtϕ

σϕG

σtG

σtϕ,tϕ

σtϕ,ϕG

σtϕ,tG

σϕG,ϕG

σϕG,tG

σtG,tG

Maltoni et al., 
JHEP10 (2016) 123 HELAC-SMEFT

0.464

−0.055

0.627

0.470

0.016

0.646

−0.037

−0.028

0.627

0.645

0.464

−0.055

0.627

0.469

0.016

−0.037

−0.028

0.646

0.627

0.645

σSMEFT = σSM + ∑
i

Ci

Λ2
σi + ∑

i, j

Ci Cj

Λ4
σij 𝒪ϕG 𝒪tG𝒪tϕ

t t

t̄t
H H

t

t
H

t
t̄

t
t̄

H H

→ See also Jonathan Hermann’s 
PhD thesis (RWTH Aachen)

https://publications.rwth-aachen.de/record/975160
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Supervision and local outreach activities
• Master thesis project: 

Supervisor:  C. Papadopoulos

“Study of Higgs-strahlung process at lepton colliders” (A. Fotopoulos, in progress)

• Internship project:
“Study of top-philic  in four-top production at LHC”  
 (G. Zachou, L. Stamatelopoulos)

Z′￼

Supervisor:  G. Bevilacqua

• Outreach talk:
“A promenade through fundamental interactions and particles”

G. Bevilacqua,  February 2025        collaboration with Aimilia Smyrli (Γραφείο Εκπαίδευσης)→

t̄

t

t̄

t

Z′￼

[Kim et al., Phys. Rev. D 94, 035023 (2016)]
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Thank you for your attention

Eυχαριστώ για τη προσοχή σας


