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ABSTRACT: We present the computational framework HELAC2LOOP for the construction of
the two-loop amplitude numerators and for their integrand-level reduction. CutTools-2 is
the component of HELAC2LOOP that implements the numerical solution to the cut equations
and the fitting of the coefficients of the basis [1|. Using recursive equations, we also show
how to reconstruct numerically the numerators in d = 4 — 2¢ dimensions, both at one-
and two-loop levels. The analysis presented in this report, in conjunction with the ongoing
development of the computational framework HELAC2LOOP, paves the road for the construc-
tion of an automated program for two-loop amplitude calculations for arbitrary scattering
processes.
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1 Introduction

Several decades after its establishment, the Standard Model (SM) keeps offering a successful
description of Strong and Electroweak interactions among fundamental particles. One of
the most concrete and reliable ways of probing the SM is the comparison of its predictions
to experimental data from high-energy particle collisions. The present energy frontier is
represented by the Large Hadron Collider (LHC) with its four experiments, CMS, ATLAS,
ALICE, and LHCb. The forthcoming High Luminosity upgrade of the LHC (HL-LHC)
will significantly boost the statistical accuracy of the experimental data that are being
collected, allowing experiments to reach percent-level precision in many cases [2-4]. The
accurate interpretation of the data from the LHC, as well as from possible future colliders [5],
demands theoretical predictions of comparable precision.

Theoretical predictions are formulated from first principles within the framework of
perturbative Quantum Field Theory, where scattering cross sections and other observables
are computed as a power series expansion in the coupling constants of the SM. The first
term in this expansion corresponds to the leading-order (LO) contribution, followed by sub-
sequent corrections at next-to-leading order (NLO), next-to-next-to-leading order (NNLO),
and so on. The calculation of NNLO corrections (and occasionally even N3LO) is necessary
in order to meet the current (and near future) experimental precision. The bottleneck for
most NNLO calculations consists, at present, of the computation of double-virtual correc-
tions, which rely upon two-loop dimensionally regularized scattering amplitudes. As the
number of particles in a process increases, the complexity of the latter increases dramat-
ically. The current frontier is the calculation of 2 — 3 processes [6], with several results



in this direction being achieved in recent years [7—35| as the product of considerable effort
from the theoretical community.

The calculation of two-loop amplitudes can be regarded as a three-step procedure.
The initial step involves the construction of the amplitude through the use of standard
Feynman graph generation |36, 37| or recursive approaches 38, 39]. The second step includes
the reduction of the amplitude into a set of independent Feynman integrals, commonly
known as master integrals. For this to be achieved, the constructed amplitude should
be projected into a set of Feynman integrals, which can be done using tensor [40-44], or
integrand [45-57] reduction methods. The generated Feynman integrals from these methods
need to be furthermore reduced, at the integral level, into master integrals using integration-
by-parts (IBP) identities [58-60], satisfied by the Feynman integrals within dimensional
regularization (d = 4 — 2¢). The latter field has benefited from the application of finite-
field techniques [61, 62] for solving IBP identities, and the recent advancements in the
generation of optimized IBP systems, utilizing syzygy equations |63, 64| and the block-
triangular form |65, 66]. The last step for the computation of the scattering amplitude is
the evaluation of the master integrals resulting from the reduction, which can be attained
by methods such as sector decomposition |67-69|, differential equations [70-75|, auziliary
mass flow 76, 77|, and dimension-changing transformation [78, 79].

The present report present the construction of the amplitude and the integrand-level re-
duction as implemented in the computational framework HELAC2LOOP. In the one-loop case,
the integrand reduction OPP method [80], demonstrated a systematic algebraic approach
to the computation of amplitudes, based upon solving cut equations, meaning equations
resulting from setting some (or all) of the inverse propagators to zero, following a top-down
approach. Integrand reduction has been implemented in various numerical algorithms [81—
93| and has boosted automation of NLO computations. Our goal is to extend the OPP
method to two-loop calculations [45-55]. Two-loop amplitude reduction at the integrand
level in d = 4 — 2¢ dimensions, following our recent publication [94], is implemented in the
component of HELAC2LOOP, CutTools-2, by solving numerically cut equations and fitting
the coefficients of the basis, generated by BasisDet [95]. In general, to facilitate compu-
tations, Feynman integrals that share the same topological and kinematical structure can
be grouped into integral families. A novel element of our study is the extension of the cut
equations to include all inverse propagators characterizing a provided integral family and
not just the ones of the Feynman graph under consideration. This approach yields a larger
number of systems of equations to be solved, albeit smaller in size, and has the advantage of
allowing the reduction of all the Feynman graphs that belong to the same family altogether.

This report is structured as follows. In section 2, we review the construction of the
two-loop amplitude numerators [39] and provide information for numerous processes with
up to six particles. In section 3 we report on the details on the numerical implementation
integrand-level reduction of the amplitude numerators as implemented in CutTools-2. In
section 4, we present the new recursive equations that allow the numerical reconstruction
of the amplitude numerators in d = 4 — 2¢ dimensions, both at one- and two-loop levels,
and their implementation in HELAC1LOOP and HELAC2LOOP respectively . In section 5, we
conclude by giving a summary of our study and its prospects for the future.



2 Two-Loop HELAC algorithm

Before proceeding with the main discussion, we introduce the notation used throughout this
work. A generic scattering process involving n external particles is specified by their flavours
{f1, f2,--., fn}. Color degrees of freedom are treated in the color-flow representation [96],
in which gluons (and their corresponding ghost and anti-ghost which can appear only within
the loops) fields carry a pair of color indices {i, j}, while quarks and antiquarks are assigned
{i,0} and {0, 5}, respectively. Electroweak particles such as W*, Z, v, and the Higgs boson
(denoted H) do not carry color and are therefore assigned the index pair {0,0}. Within
this representation, a color configuration is uniquely characterized by the product

i io’l i‘72 . iO’n
Cp=10,"6; 6, (2.1)
where {01,09,...,0,} denotes a permutation of the set {1,2,...,n}. Consequently, for a

process with n, external gluons and n, pairs of quarks, the number of independent color
states is (see, e.g., Refs. [97, 98])

Nee = (g +ng)! . (2.2)

The computation of tree-level scattering amplitudes within HELAC [98| is organised
recursively. The fundamental objects in this construction are the so-called currents, i.e. tree-
level sub-amplitudes associated with a subset Sp C {1,...,n} of the external particles. The
currents are combined into sub-amplitudes of increasing complexity until the full amplitude
is obtained. Each current is assigned a unique integer label

ID(B) = ) 2" (2.3)
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and a level, Lvl(B), that counts the number of external particles that it consists.
Focusing now on the construction of two-loop integrands, the first step of the procedure
involves the generation of loop topologies. All two-loop topologies describing arbitrary
processes in the Standard Model! (SM) fall into one of the three master categories depicted
in Fig. 1, which we refer to, for brevity, as “Theta”, “Infinity”, and “Dumbbell”. The
shaded regions K; shown in these diagrams, which hereafter we will also refer to as sectors,
represent schematically a collection of tree-level currents, { By, ..., By, }, attached to the i-
th propagator of the loop. To avoid confusion with currents that may include loop particles
later on, these tree-level currents will from now on be referred to as blobs. Similarly, the
labels A and B denote generic blobs that may be inserted at the loop vertices. The number
of blobs appearing in each sector, together with their ordering, uniquely specifies a topology.
We note, however, that this correspondence is not one-to-one: loop topologies are invariant
under left-right and up-down reflections. In addition, Theta topologies exhibit a symmetry
under arbitrary permutations of the sectors K7, Ko, K3. Configurations of blob orderings
that are related by the aforementioned symmetries are identified and removed in order to

'More generally, this statement holds for any theory whose Feynman rules contain at most four-particle
interaction vertices.
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Figure 1: Master categories of two-loop topologies: Theta (a), Infinity (b), Dumbbell (c).
The red lines indicate the propagator that is cut in order to express the two-loop topology
as an equivalent (n + 2)-particle process at one-loop.

Figure 2: Relations between cut two-loop topologies and their corresponding one-loop
configurations in (n + 2)-particle kinematics: Theta (a), Infinity (b), and Dumbbell (c).
The blobs represent tree-level currents attached to the loop propagators.

avoid double-counting. For the same reason, all Theta topologies are generated under the

ordering
Lk, > Lk, > LKy , (2.4)

where with Lg, we denote the number of blobs that are attached in the sector K;. Further
details on the topological generation procedure can be found in Ref. [99].

The topologies generated at this stage do not yet contain any information regarding the
flavor or color of the propagators in the loop. This information is introduced in the next
step, referred to as color-flavor dressing (schematically illustrated in Fig. 3 for a simple
example). The procedure can be summarised as follows:

1. We begin by cutting one propagator in the two-loop topology (using the conventions
shown in Fig. 1). In this way, we obtain a one-loop topology describing an (n + 2)-
particle process with flavors

{flaf??"'afnaFn+1aFn+2}- (25)

We refer to this as the equivalent one-loop configuration. The flavors F,,+1 and Fj, 42
correspond to the two additional particles generated by the cut, and may take any



value allowed to propagate in the loop. This step is illustrated in Fig. 2. In the
diagrams, blobs are drawn using two distinct colours to emphasise that they are
computed using different procedures. The blue blobs denote tree-level currents con-
structed via standard Dyson-Schwinger recursion, i.e. all sub-amplitudes compatible
with the external-particle content are included. In contrast, the recursion defining the
orange blobs is partially constrained by the non-trivial internal structure introduced
by the presence of the cut loop propagator (shown in yellow).

2. Then we treat Fj, 11 and F), 12 as external particles with genuinely independent color
degrees of freedom in the context of the one-loop process { f1, fa,. .., fns Fnt+1, Fnt2}-
This allows us to reuse, after suitable modifications, the framework for one-loop in-
tegrand construction already implemented in HELAC-1LOOP [85, 89]. Of course, the
flavors and color indices of the cut-particles F,,4+1 and Fj, o are constrained by the
requirement that they originate from cutting a specific propagator. As a consequence,
our strategy introduces a redundant number of color degrees of freedom at this in-
termediate stage. These are eventually projected onto the lower-dimensional space
describing the physical n-particle process using a contraction of the form

ioq clo o Loy i1 ign+2 Gna1 sina2 Tor Gor Z'U;L
(6j11(5j22 "'5jn 5jn+1 5jn+2 ) (5in+2 (51-”“) = (Ng)* 5j11 5j22 ...5],” ’ (2.6)
where {c],...,00} ({01,...,0n42}) denotes a permutation of {1,...,n} ({1,...,n+

2}), N¢ is the number of colors, and o = 0 or 1 depending on the configuration.

3. Afterwards, using the one-loop configuration introduced in the previous step, the
construction of the integrand proceeds according to the conceptual design of HELAC-
1LooP, but in an optimized form for improved efficiency. More specifically, the
one-loop propagators are dressed with flavors in all ways compatible with the SM,
and with colors by considering all configurations that preserve color flow at each
loop vertex. The resulting one-loop topology is then cut once more, producing two
additional external particles, F},13 and Fj,14. This leads to a tree-level (n+4)-particle
process with flavor content

{fi, for ooy fs Bty Frga, Fruys, Frqal . (2.7)

At this stage, the computation of the one-loop numerator functions can be carried
out using fully automated tree-level techniques [85, 89].

In the final step, a set of recursion relations is constructed for each two-loop topology per
color connection and flavor structure of the loop particles (configuration). These relations
encode the instructions required by HELAC for the numerical evaluation of the numerator
of each configuration. They can be generated once and stored in a file referred to as the
skeleton. For illustrative purposes, Fig. 4 shows an example of how a two-loop numerator
is represented within our framework. The example corresponds to the 110th numerator
out of a total of 332 numerators contributing to a specific color connection stored in the
skeleton. Each line specifies the instructions for computing a single current appearing in
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Figure 3: Schematic representation of the color and flavor dressing applied to a simple
two-loop topology.

the recursive evaluation of the numerator. The information describing the underlying two-
loop topology is contained in the final line. In particular, the first three entries encode the
loop-propagator structure associated with the given numerator.

Aimed at the study of QCD corrections, the current implementation has been fully
validated for processes involving only quarks (of all flavors), ghosts, and gluons circulating
in the loops, and for up to six external particles. The external particles themselves may
be any of the SM particles. Although not explicitly tested, the implementation should,
after minor adjustments to the size of certain arrays, operate for an arbitrary number of
external particles—disregarding, of course, potential efficiency and memory limitations of
the machine used. To provide insight into the complexity and internal structure of the two-
loop skeleton, we present in Appendix A detailed information on the skeleton associated
with QCD corrections to SM processes at two loops, both in full color and in the leading-
color approximation, as generated by HELAC-2LOOP.

We have performed a number of tests at the level of individual two-loop numerators
in order to validate our implementation. Our results are in excellent agreement with the
numerical output obtained using FeynArts+FeynCalc |36, 100].



INFO NUM 116 of 332 7

INFO

INFO 4 80 35 9 1 1 16 35 5 64 35 7 6 0 0 @0 1 2
INFO 4 12 35 10 1 1 4 35 3 8 35 4 0 0 B0 0 1 1
INFO 4 92 35 11 1 2 12 35 10 80 35 9 © 0 0 @0 1 1
INFO 5 92 35 11 2 2 4 35 3 8 35 4 80 35 9 0 1 5
INFO 4 124 35 12 1 1 32 35 6 92 35 11 6 o0 0 o 1 2
INFO 4 126 35 13 1 1 2 35 2124 35 12 © 0 © © 1 1
INFO 4 254 35 14 1 1128 35 8 126 35 13 6 0 0 0 1 2
INFO 6 1 12 1 2 12 35 35 35 35 35 35 6 o0 0 @ 5 9

Figure 4: Representation of a two-loop numerator within the HELAC framework. All
lines except the final one follow the same format as in HELAC-1LooP [89]. The final line
additionally contains information specific to the two-loop topology.

3 Numerical Reduction at two loops

In this section we present the basic elements of the numerical implementation of the alge-
braic reduction described in [1]. A generic unrenormalized L-loop scattering amplitude can
be written schematically as

B (k1,5 ke, {p})
(L) ). ) 1
IR P R 51
g=1 g
where ky,...,kr are loop momenta, [dk;] denotes the integration measure associated to

the loop momentum k;, and {p} represents the set of external kinematics. The amplitude
consists generally of G partial contributions, individually denoted by g. Depending on
the considered approach, the latter may be individual Feynman diagrams or consistently
defined sub-amplitudes. In the following, we will refer to them as loop topologies. In what
follows, we focus on the genuine two-loop contributions to the amplitude (so-called Theta
topologies), namely those that cannot be trivially reduced to the product of one-loop ones
(Infinity and Dumbbell topologies)?. Each loop topology is characterized by a numerator
N, which is a function of external momenta and wavefunctions as well as loop momenta,
and by a product of n inverse propagators D1, ..., D,, appearing in its denominator?.
Following reference [1] we seek to solve the following equation:

N-1 N

+ZPN "D+ Y S PYDiD; . 4+ P DiDy...Dy.  (32)
=1 5>

The first term in the right-hand of the above equation denotes the maximal cut, the sec-
ond the next-to-maximal cut and so on. The parametrization of the polynomials P in
terms of the so-called irreducible scalar products (ISP) # is obtained through the program
BasisDet [47]. The latter provides a set of monomials, m; (¢ = 1,..., M), which take the

form [[.Zz.”, where Z; denote ISP and r; is an integer ranging from zero to some upper

]J’

2For the terminology, see Figure 1 of Ref. [101].

3Inverse propagators raised in higher integer powers must also be included to accommodate special
contributions.

“For the definition of ISP see reference [1]



value calculated from the maximal tensor rank of the polynomial P with respect to ki, ko
and ki, ko combined?.

The algorithm to solve Eq. (3.2) can be described as follows. For each cut, all the
relevant on-shell conditions are solved, determining the values of the 11 parameters, denoted
by )2, i.e., the 4-dimensional components of ki, k2 and the p;; 6 Assuming that the set of
monomials m; (i = 1,..., M) parametrizing a given polynomial P is established,

M
P = Zcimi (3.3)
=1

then an M x M matrix, M, is obtained by evaluating the monomials m; on the solution
to the cut equation, by assigning M random values to the free parameters of the vector X ,
obtaining thus M instances of it, i.e. )Zj, j=1,..., M, and then computing the elements
of the matrix M, as follows:

M, ; = mi(X;). (3.4)

The numerator V(X ,d) can be cast in the form

N=NX,d)=No+> eND, (3.5)

i>1
by expanding in powers of e = (4—d)/2, where both Ny = N(X, d)]q—s and MV = N (X),
are accessible numerically and depending on p;; through X. These terms are used to

calculate the M x 1 matrices,
BY = No(X)) BY = NO(X)). (3.6)

Then the given polynomial P is written explicitly as

M
P= Z (cgo) + Z e cgj)> m; (3.7)
i=1

where

O =m0 2O = M0 (3.8)

Once the polynomials of a given cut are determined they are subtracted from the
original numerator. The resulting residual numerator is then subjected to the reduction
procedure at the next cut, where one fewer propagator is placed on shell. The iterative pro-
cess continues systematically, with each successive cut reducing the number of constraints,
since one less propagator is on shell at each lower cut.

The above can be split into roughly two numerical solving algorithms, which we have
implemented for a generic four external particle case:

e The numerical solution to the on-shell conditions for the propagators, i.e., the cut
equations

®Corresponding to RenormalizationCondition in ref. [47].
5In d = 4 — 2, Lij = kge) -k;5)7 with k() the components of the loop momenta beyond d = 4 dimensions.



e The numerical solution of the matrix equations, Eq. 3.8, i.e., the polynomial fitting
procedure.

Solving the cut-equations is performed by the iterative Levenberg—Marquardt method.
This essentially amounts to a successive minimization of the least square distance and has
the advantage of being completely generic in terms of the input of the external momenta.
It works by starting from a random value for all parameters and iteratively minimizing the
value of all propagators which are present in the relevant cut, up to an arbitrary tolerance.
The fact that the cut equations do not determine all 11 parameters of X allows us to obtain
an arbitrary number of different sets of solutions.

The numerical method used for solving the cut equations is the Levenberg-Marquardt
algorithm [102], which iteratively solves the damped normal equations (J7.J + \I)dz =
—JTf, where J is the Jacobian of the active equations, f is the residual vector, dz is the
update step, and A is a damping parameter controlling the interpolation between Gauss-
Newton and gradient-descent behavior. The linear system is solved using Cholesky factor-
ization, which decomposes the symmetric positive-definite matrix into an upper-triangular
matrix and its transpose for efficient and stable solution of the normal equations. An Armijo
backtracking line search [103] is used to adaptively scale the update step, ensuring that the
residual decreases sufficiently at each iteration. Randomized restarts enhance robustness
and help identify the solution with the smallest residual. The module cutsols_all solves
systems of nine nonlinear equations in eleven variables corresponding to two four-momenta
(k1, k) and three auxiliary parameters (u11, f12, 22). The equations are quadratic in the
momenta, e.g., (k; + Zj pj)2 + p = 0, where p denotes collectively the e-components of
loop momenta, and the solver allows arbitrary subsets of equations to be masked, enabling
treatment of under-constrained sets of cuts.

This is where the second step of the cut and fitting procedure comes in. The M x M
matrix M, Eq. 3.4, and the M x 1 matrices, Eq. 3.6, are obtained by evaluating the
monomials and the numerator on the solution to the cut equation, by assigning M random
values to the free parameters of the vector X. Then equations, Eq. 3.8, are solved using
the linear solving ZGESV LaPack [104] algorithm. Note that we have compiled a quadruple
precision version of LaPack in order to be able to solve the fitting and cut equations both
in double and quadruple precision.

Finally, at each step of the iteration, an N = N test [1] is performed, referring to the
left- and right-hand sides of Eq. 3.2, to check the validity of the numerical algebraic reduc-
tion. This means that at each cut, the numerator minus the subtractions is calculated to
confirm that the difference yields a numerical zero. This is done on values of the parameters
on the relevant cut, other than those used in the fitting procedure, at each stage. At the
final step of the recursion, the N = N test is performed at completely random values of X ,
thus ensuring that the reduction had been fully completed.

The code structure is as follows. A cut-fit routine is called in the main HELAC2LOOP
framework. In turn, the cut-fit routine iteratively calls a routine which calculates the
coefficients for the 9, 8, 7, 6, 5 and 4-cuts. Each of these subroutines has the following
structure. For each individual cut, it calls the hard-coded monomial basis to determine the



number of cut solutions we need to calculate for the cut equations, since we need as many
solutions as the number of monomials, Eq. 3.4. After obtaining the solutions and generating
the system, a wrapper subroutine for ZGESV is called which returns the coefficients. After all
the coeflicients of each individual cut are calculated, the N = N test is performed, checking
that the fitting procedure has been properly completed for that cut, using solutions to the
cut equations relevant to the cut in question. When the last cut (4-cut) is reached, the
N = N test is performed for the full numerator, on a completely random assignment of X ,
thus verifying that the numerator is completely described by the final fitted polynomial.

The current version of the code works for four external particles. An extension for a
higher number of external particles is under development. Moreover, the numerical precision
of the fitting procedure at each step of the recursion is under investigation, so that we can
improve the performance of the code.

4 Numerical reconstruction of numerators in d =4 — 2¢

As described in Section 3, enabling HELAC to perform numerical computations of numera-
tors in d = 4—2¢ dimensions is an important collateral task connected with the development
of the reduction method. In this Section we describe the procedure that we have developed
to accomplish this task.

Before starting the discussion, it is convenient to introduce some basic notation. Let us
consider a generic scattering process described by n external particles, whose momenta are
denoted {p} = {p1,...,pn}. Also, let q1, g2 be the two loop momenta. We work in the ’t
Hooft-Veltman regularisation scheme [105]. According to this scheme all external momenta
are expressed in d = 4 dimensions, while ¢1, g2 as well as the Lorentz structures appearing
in the loop vertices (either Dirac matrices or Lorentz metric tensors) live in d = 4 — 2¢
dimensions. Following Ref.[106], we adopt a bar to denote explicitly quantities living in d
dimensions. We split the 4-dimensional and (d — 4)-dimensional part of the latter quantities
as follows,

@ =a+d A=+, g =g+ (4.1)

The tilde quantities refer to genuine (d — 4)-dimensional contributions, which satisfy the
following relations:

G G =ni » PFa=d—4) , 3 Gasg=(d—4). (4.2)

The p;; can be identified with the quantities already introduced in Section 3. We remind
that there is no intersection between the 4-dimensional and the (d — 4)-dimensional sub-
spaces, namely

G =0 , 7"%=0 , {3*9°}=0 ., §Pg.s=0. (4.3)

By making repeated use of the rules of Eq. 4.1-4.3 in the computation of a generic two-loop
numerator, one can cast the latter in the form:

Tmax

N = ZEiM<{p}aQI7QQ7Nz‘j)~ (4.4)

1=0
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Figure 5: HELAC representation of a generic n-gluon one-loop topology. ¢ denotes the
loop momentum.

In words, Eq. 4.4 tells us that the numerator is made upon combination of a few building
blocks, namely p; - pj, p; - ¢; (purely four-dimensional quantities), p;; and € = (d — 4)/2.
The genuine (d — 4)-dimensional contribution consists of terms which depend on € and/or
pij. We will also refer to the latter as evanescent terms in the following,

The method that we are developing aims at reconstructing the (d — 4)-dimensional
part of arbitrary one- and two-loop integrand numerators in QCD. In the first stage of
development, we have focused on the pure Yang-Mills (YM) case (namely, only gluon and
ghost interactions are taken into account). This allows us to perform first checks of our
method in the context of n-gluon amplitude computations. Work is underway to extend
the construction to include quark fields.

4.1 One-loop numerators

Let us consider a generic n-gluon amplitude at one loop, and let ¢ be the loop momentum.
According to standard HELAC representation, each external particle is labelled by an inte-
ger 2/ (i =0,1,...n — 1), see Figure 5. By opening one of the loop propagators, two extra
external particles 2" and 2”1 are originated, carrying respectively momenta ¢ and —¢ and
polarisation vectors £§ and w§ (A denotes four possible states in which the latter appear).
By construction, the polarisation vectors satisfy the completeness relation

Yoaal =g (4.5)
A

Figure 6 sketches how the recursive computation of numerators is organised in practice.
At each stage of the recursion, a set of input currents is processed and an output current
is computed. Schematically,

J(nitnattny) _ VX(j(nl)7 Jn2) j("N)) 7 (4.6)

where Vx is the (color-flow decomposed) vertex function for the interaction vertex at hand.
For example, for the three-gluon vertex we have

VOC

g192—49

[T J2)] = (j(m) - (2pm) +]3(n2))) Jn)e
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Figure 6: Sketch of recursive computation of the one-loop numerator for a representative
gg — gg topology. The recursion starts from current .J(16) (particle 2™) and flows towards

JU) Intermediate currents J_)(\24), _>(\28), _/(\30), _>(\62) are computed along the recursion.

)

Current J )(\16) marks the loop start point, while current J )(\32 marks the loop end point. The

numerator is obtained as N = (j/(\w) : J)(\l)).

_ (j<n1>.(ﬁ(n1>+2ﬁ<n2>)) Jn2)a

I ( Jm) . j(nz)) (ﬁ(n» _p<m>>“ (4.7)

where ("), p("2) are the momenta associated with the two input currents (assumed incom-
ing). The full list of vertex functions relevant for the case of pure YM QCD are reported
in Appendix B. The recursion starts from the loop vertex which involves particle 2" and
flows towards particle 2° = 1 (see also References [85, 98] for more details). In the shown
example, current .J §62) marks the endpoint of the recursion. The full numerator is obtained
as

N{ph.a) =) (J_§62) : J(l)) : (4.8)

A

We note that current J() is unbarred, since in the 't Hooft-Veltman scheme all wavefunc-
tions and momenta of physical external particles live in d = 4 dimensions. Conversely,
all currents whose momentum explicitly depends on ¢ acquire a (d — 4)-dimensional part.
The problem that we are addressing can be formulated as follows: find a method to recon-
struct the (d — 4)-dimensional part of a recursive current (computed either analytically or
numerically) knowing its d = 4 component. Schematically:

JO) L JO) ) g g (4.9)

where £[-] is a formal operator which generates all € and p = ¢ terms associated with an
input d = 4 quantity.

- 12 —



Reconstructing the evanescent terms in the context of an analytic calculation is a trivial
task which can be accomplished by use of the rules:

El@X]=nX,

END (exn-w)X]=(d-4) X,
A

E[Y (en-a)(wr-q) X]=pX. (4.10)
A

This is possible on condition that the structure of the individual terms entering the ex-
pression of a current are known, which is clearly not the case when fully numeric, recursive
computations are performed. Crucially, there are only few critical Lorentz structures which,
upon combination, can generate evanescent terms at any step of the recursion. For the pure
YM case they are the following ones: { %, &%, (¢-q), (§-q4)§%, u, (d —4)}7. Thus, we are
allowed to express the most general (d —4)-dimensional structure of a vector current .J(V)
at one loop, in the following way:
g[IMe] = Mg + M e 4 S (-9 + O E- DT

+ I (@ —ay g (4.11)

Each critical structure comes along with a coefficient (either scalar or vector) which is a
function of pure d = 4 quantities. Like the currents themselves, these coefficients satisfy a
set of recursion relations which vary upon the vertex. Recursive equations are derived by
plugging Eq. 4.11 into Eq. 4.6. To each input current J(™) we associate an integer L),
defined as follows:

L) = 0 if the current does not belong to a loop propagator ;
L) =1 if the current belongs to a loop propagator;
L) =2 if n; = 2! (loop endpoint) . (4.12)

We will refer to the latter integer with the name of loop number.
The structured of recursive equations for the one-loop case is rather compact and is
reported below. For the case of g1go — ¢ vertex, they read:

Clmitna) — g(rm)y gm) g(n2) . (2 p™) 4 p<nz>> — (L)) ¢ln2) gm) . <p(m> 19 p(m))
+ (H(L(”Q)) _ Q(L(m))) Jn1) . gn2) (4.13)
0

(L)Y ¢m) jln2) (2 p) 4 p<nz>>
(

— (L)) ¢n2) jm) . (pm) i Qp(n2)> (4.14)
Ja(;h-i-nz)a _ Q(L(nl)) <Vgo1692—>g [jg(;n), j(nz)] - J(m)a <C§n1) + MCE(Z,Z)))
0L (Vilgarsg [T, 5] 4 g (€)1 ) (4.15)

"from now on we will drop the index A to make notation lighter
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631(1—&-712 _ 0(L ) (J CJn2) C(nl) Jmn2) . < (1) +p(n2)))
+O(LM)) (J I = G g (p) 4 2p(2))) (4.16)
e < o) (O ) 1 o (i 50
+o(L™ >0<L -1) (zucw D gD g p o) (pnD — pir)*)
L oL — 1) (L) (_ngm) Jre oy gn2e gy, o) ( (n2 )_p(m)) )
(4.17)
Jare = o) e — 1) (0 (pr2) )"
L (LM —1)a(LM) (CE("Q) (p(nz) _ p(n1>>°‘> (4.18)
The initial condition for the recursive equations above is set at the loop start point®:
cEN = g2 e =0 ; ¢ =1 (4.19)

Similarly, the recursion relations for the gi1gogs — g vertex read:
(2 C(gnl) J(n2) . J(ns)) + O(LM2)) (_Cém) J(n) . J("B))

C(gns) J(nl).J(”2)> (4.20)

Cénl+n2+n3) _ H(L(”l)

Clmtnztng) — g(r(m)y (2 clm) jn2) . J(ns)) + O(LM2)) (_Cénz) J(n) . J(”3))

WICON(CON J<nz>) (4.21)

AA/_\/—\

Ve [J(nl) J(nz) J(HS)D

Js(gl+n2+n3)a = Q(L(nl)) 919293—9
(

919293—9

Vetgngrog [T, 52, T02)])
Vglgzgsﬁg

Cénl)J(nz).J(na)) + O(LM2)) (_08(3’2(1) J(nl).J(n3))

T, J), ) (4.22)

/N 7N

06(2171(1-&-712-#713) — (L™

/\/_\

—Cna) gl )-J<”2>> (4.23)
(_Mng J(ns)a>

(g1

(it 1)

(2 pC) JWW)

(mnchid 7o)

JL(Ln1+n2+n3)Oé _ Q(L(m) L(

>
—~

n2) 1)
(L") — 1)
(L) oLt —1)
+ (L)) g(LM) — 1)
+O(LM)yo(L™) — 1)
(L) O(Ltm) — 1) (2 CLg3) 1)) (4.21)

€9,9

8Currents which are not associated to a loop propagator have zero coefficients, since they are pure d = 4
quantities in t’Hooft-Veltman scheme
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J((gii')nz-l—m)a — Q(L(nl)) Q(L(m) _ 1) (—C(nl) J("3)04)

o(L"2) _ 1 (2 C(ns) J(nz)a) (4.25)

We are left to deal with ghost-gluon interactions. Given the scalar nature of a ghost current,
the general form of its (d — 4) structure looks simpler:

N - - N
eI ] = CV(E-q) + I + (d—4) I (4.26)
In fact, it is easy to show that & [J(N) ] = 0 at one loop. Indeed ghost topologies appear

ghost
always in the form of closed-ghost loops. Given that no gluon propagator appears in the

loop, there is no way to generate (£ - ) terms along the recursion, hence Cg(év ) — 0. For
the same reason, neither p nor (d — 4) terms can be generated at any step of the recursive
computation.

The recursive equations described so far, have been implemented in a new version
HELAC1LOOP_DDIM. We have validated the numerical implementation of the recursive equa-
tions at one loop against analytic results from FeynCalc [100]|. Moreover, we have tested
that the results obtained from the new version, regarding gg — gg and gg — ggg one-loop
amplitudes, are in complete agreement with those provided by the existing HELAC-1L0OP [89)]
code ?.

4.2 Two-loop numerators

In order to address two-loop numerators we use a generalization of the ideas elaborated in
Section 4.1. Now we have two loop momenta (g1, @) and four extra particles (27,...2"+3)
originated after opening two of the loop propagators (see Figure 7). The polarization vectors
associated to the latter particles are respectively &s, w9, &1, w1.

In what follows, we focus on the genuine two-loop contributions to the amplitude (so-
called Theta topologies), namely those that cannot be trivially reduced to the product of
one-loop ones (Infinity and Dumbbell topologies).

The origin of evanescent terms for the two-loop case can be tracked down to the fol-
lowing relations:

Elgi-q5) X] = pij X,

5[Z(Qi’5k,>\) (gj-wi ) X ] = i X,
B

EN (ein-win) X] = (d—4) X,
X

9A file named benchmark_comparisons_4g_5g_pureYM.txt is attached to this report.
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Figure 7: HELAC representation of a generic n-gluon two-loop numerator and flow of

recursive computation. Current 2"+ marks the loop start point, 2”3 the loop end point.

ELD (1 -win) (e2, - wan,) X] = (d—4) X

A1,A2

ELD (e - wan,) (e20, - win) X = (d—4) X
A1,A2

&l Z (51,)\1 ) 52)\2) (wl,)q ) wQJ\z) X]=0d-49X
A1,A2

Moving along the same path set in Section 4.1,

(4.27)

it is possible to list down all the

critical Lorentz structures leading to evanescent terms during the recursion. For two-loop

numerator computations, the most general (d —4)-dimensional structure of a vector current

reads:

E[J(N)a]

2 2
YeWg + > e e + o wg
=1 =1
2
+ 3 TG g) + T @2 )
ij=1
2

+ I @ s) + ) I, (G- d) - @)
P

+ Z 51Q]7Qk (j-] q + Z 51‘1]751@ ’ q]) gg

i,5,k=1 1,5,k
+ Co(-22q)2 q2 (@2 G2) Gy + Z 6152 Qi 51 "52) q;'
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Figure 8: Representative two-loop examples of topologies containing ghosts.

2
+ > o) (G @) (E - d)a
i,5,k=1
o m N)a
S AR (A ) L AL (4.28)

where J,SN) “ contains all y;;-dependent terms at O((d—4)°), while J((é\i)f)‘ ,,, denotes O((d—

4)™) contributions. Let us note that also the latter contributions may contain f;;-dependent
terms. Concerning ghost currents, we can write most generally:

2
ELIG =3 ™) &gy + I (4.29)
i=1
Let us note that, at two loops, ghost topologies can accommodate gluon propagators in the
loop. Figure 8 shows representative examples for the process gg — ggg. This implies that
the coefficient Cég} in Eq. 4.29 can be non-zero, and p;; terms can be generated along the
recursion. Still no O((d — 4)) terms can be generated at any stage of the recursion.

The decomposition of Eq. 4.28 can be applied to derive fully general recursive equations
for three-gluon and four-gluon vertices. We note, however, that only a subset of those
coefficients is involved at each step of the recursion. For an arbitrary Theta topology we
can identify seven different sectors, each one characterized by simpler recursive equations
which involve a reduced number of coefficients. The organization into sectors is sketched
in Figure 9. For ease of implementation, we decided to write down recursive equations for
each sector separately. It should be clear that, despite any optimization in the organization,
recursive equations at two loops are more cumbersome than at one loop. All expressions
are reported in ancillary files provided along with the present document °.

We have validated the numerical implementation against analytic results obtained
through FeynCalc [100], and in-house codes developed in FORM [107] and in Wolfram
Mathematica [108]. The latter consists of a Mathematica notebook that reads the infor-
mation from the generated skeleton in HELAC2LOOP and provides analytic expressions for
each amplitude numerator which then is translated in FORTRAN and tested against the
numerical results obtained by HELAC2LO0OP. Extensive validation tests have been performed
for amplitude numerators involving gluons and ghosts, to insure that the d = 4 — 2¢ terms,

10RECURSIVE_EQUATIONS_ANCILLARY_FILES.tgz
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Figure 9: Organization of recursive equations into sectors. Loop vertices labelled with dif-
ferent indices (in red) utilize different set of recursive equations for reconstructing evanescent
terms.

involving both the e-components of loop momenta and the explicit e-dependent terms are
properly reconstructed. A fully-fledged implementation including all vertices and all pos-
sible topologies up to six particles is under development in order to complete numerical
reconstruction in d = 4 — 2¢ for all scattering amplitudes generated by HELAC2LOOP.

5 Summary and Discussion

In this report, we have presented the HELAC2LOOP computational framework for the auto-
mated numerical evaluation of two-loop scattering amplitudes. HELAC2LOOP based on HELAC
framework [97, 98] constructs all amplitude numerators for a given process. We have ana-
lyzed the challenges related to the treatment of color degrees of freedom and in A we list a
collection of processes generated by the current version of HELAC2LOOP '!. Following [1] we
have implemented the reduction to Master Integrals. For this purpose we have developed
CutTools-2, that solves cut equations and performs the fitting of the basis coefficients [1].
A novel element in our approach is the introduction of recursive equations that reconstruct
numerically the amplitude numerators in d = 4 — 2¢ dimensions. We have successfully im-
plemented and tested them at one ' and two loops. We plan to publish the computer code
in the near future. HELAC2LOOP is the world’s first computational framework for two-loop
amplitude evaluation and we expect to have a significant impact in providing the most
precise theoretical predictions directly relevant for data analysis at the LHC and the next
future high-energy colliders.

HThe computer code HELAC2LOOP. tar.xz is attached to this report.
12The computer code HELAC1LOOP.tgz is attached to this report.
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A Skeleton Results

Table 1: Summary of the skeleton structures for the QCD corrections to several four-
particle SM processes at two loops in full color. The second column specifies the flavors of
the particles circulating in the loops. The third column reports the time required to generate
the corresponding skeleton. The final column lists the number of individual contributions
(numerators) entering the amplitude. All results were obtained using a single CPU core on

a personal laptop equipped with an Intel i5 processor and 24GB of RAM.

99 — 99 {9,4,q,¢,¢} 326 s | 74872
99 — 49 {9,9,q,¢,¢} 122s | 11336
99 — Hyg {9.q,q,t,t,c,c} 43's | 3816
qq9 — Hyg {9.q,q,t,t,¢c,c} 12 s 392
99 - HH {9,4,q,t,t,c,c} 22 s 1424
qq — HH {9.q,q,t,t,c,c} 4s 152
99 — tt {9,9,q.t.t,c,e} 176 s | 13120
qq — tt {9,9,q,t.t,c,¢} 20s | 1916
99 = 97 {9.q,q,t.t,c,c} 67s | 7632
99 — g7 {9,49,q,t,t,c,c} 20s | 2932
99 = Y {9.q,q,t,t,c,c} 28's | 2848
99 — 7Y {9.q,q,t,t,c,c} 8 s 1104
99 — H~y {9.q0.q,t,t,¢c,c} 30s | 1424
qq — H~y {9.q,q,t.t,c,c} 58 176
99 — 29 {9.q,q,t,t,c,c} 65s | 7632
99— 29 {9.q,q,t,t,¢c,c} 21s | 2932
99— 272 {9.q,q,t,t,¢c,c} 33s | 2848
99— 27 {9.q,q,t.t,c,c} 8 s 1104
99 — ZH {9,q,q,t,t,c,¢} 24s | 1424
99— ZH {9.q,q,t,t,c,c} 5 s 176
ud — gW* | {g,u,a,d,d,t.t,c,c) | 19s | 2372
g9 = WHW~ | {g,u,q,d,d,t,t,c,c} | 27s 1424
wi — WHW~ | {g,u,u,d,d,t,t,c,c} 5s 540
ud - HW* | {g,u,u,d,d,t,t,c,c} 2s 24
99 = 2y {9.q,q,t,t,¢c,¢} 31s | 2848

Continued on next page
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9q — Zv {9,9:q,t,t,¢c,¢} 8s | 1104
ud — YW+ | {g,u,q,d,d, t,t,c,é} | 4s 600
ud — ZW+ | {g,u,4,d,d,t,t,c,é} | 4s 600

Table 2: Summary of the skeleton structures for the QCD corrections to some five-particle
SM processes at two loops in full color. The structure of the columns is identical to that in
table 1, and all results were obtained using the same personal laptop.

g9 — 949 {9,4,q,¢c,¢} 24494 s | 1617600
99 — qqg {9,4,q,¢,¢} 9874 s | 236360
gg — ttg {9,9,q,t,t,c,¢} | 14375 s | 270004
qq — ttg {9,q9,q,t,t,c,c} | 1184 s | 36236
99 — 99H | {9,q,q,t,t,c,¢} | 2795s | 61192
qq7 — g9H | {9,q,q,t,t,c,c} | 1054 s 6504
g9 = ttH | {g,q,q,t,t,c,c} | 1748 s 12936
q7 =~ ttH | {9,q,q,t,t,c,¢} | 214s 5772
99—~ HHg | {9,q,q,t,t,c,¢} | 1153 s 20680
qq— HHg | {9,q,q,t,t,c,c} | 197 s 1996
99—~ HHH | {9,q,q,t,t,c,¢} | 196s 8348
qq — HHH | {g,q,q,t,t,c,c} | 63s 748
99 = 997 | {9,49,q,t,t,c,c} | 3741s | 122384
a7 = 997y | {9,¢,q,t,t,c,c} | 1561 s 54252
gg — tty {9,9,q,t,t,c,¢} | 1758 s 54652
qq — tty {9,4,q,t,t,c,c} | 277s 11464
99 = 9vy | {9,4,q,t,t,c,c} | 1653 s | 41360
aq = 9vy | {9,¢,q,t,t,c,¢} | 416s 17384
99 =y | {9,¢,q,t,t,c,c} | 314s 16032
qq — vy | 19,¢,q,t,t,c,c} | 177s 7064
99 = gHy | {9,q9,q,t,t,c,c} | 1233s 20680
q7 — gHy | {9,q,q,t,t,c,c} | 266 s 2628
99 = Hyy | {9,q,q,t,t,c,c} | 235s 8016
q7 — Hyy | {9,¢,q,t,t,¢,¢} 96 s 1176
99— HHy | {9,q,q,t,t,c,c} | 193 s 8016
qq — HH~ | {9,q9,q,t,t,c,c} 7ls 896
99— Zgg | {9,q9,q,t,t,c,¢} | 4026 s | 122384
qq — Zgg | {9,q9,q,t,t,c,c} | 1830s 54252
99 > ttZ | {9,q,q,t, t,c,c} | 1803 s | 54652
qq = ttZ | {9,q9,q,t,t,c,c} | 244's 11464

Continued on next page
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1620 s
450 s

41360
17384

g9 — ZZg
qq — ZZg

{97 q, q: t7t_7 ¢, E}
{97 q, 67 t7t7 ¢, E}

Table 3: Summary of the skeleton structures for the QCD corrections to a six-particle and
some five-particle SM processes at two loops in full color.

99 — ZZ7Z {9,4,q,t,t,c,c} 307 s | 16032
qq — ZZ7Z {9,9,q,t,t,c,¢} 146 s 7064
g9 — ZHg {9,4,q,t,t,c,c} 1240 s | 20872
qq — ZHg {9,4,q,t,t,c,c} 244 s 2652
g9 —~ HZZ {9,4,q,t,t,c,c} 201 s 8016
qq — HZZ {9,9,q,t,t,c,¢} 92 s 1176
99—~ HHZ {9,49,q,t,t,c,c} 186 s | 8016
qq -~ HHZ {9,4,7,t,t,c,c} 69 s 896
ud — ggW=+ {g9,u,u,d,d,t,t,c,c} | 1592 s | 45508
ud — tHW+ {g,u,u,d,d,t,t,c,e} | 142s | 5692
g9 — gWHW— | {g,u,u,d,d,t,t,c,c} | 1429 s | 20680
uti — gWW= | {g,u,u,d,d,t,t,c,e} | 294 s 5040
ud — gHW+ {g9,u,u,d,d,t,t,c,c} | 318s | 8468
ud - HHW™ {9,u,u,d,d,t,t,c,c} | 37s 200
uti — HWIW~= | {g,u,u,d,d,t,t,c,c} | 41s 48
ud — WYW-W+ | {g,u,u,d,d,t,t,c,c} | 8ls 2140
g9 — Zgvy {9,4,q,t,t,c,c} 1419 s | 41360
qq — Zgvy {9,4,q,t,t,c,c} 390s | 17384
g9 — ZH~ {9,9,q,t,t,c,¢} 204 s 8016
qq — ZH~y {9,49,q,t,t,c,c} 89 s 1176
ud — gyW+ {g9,u,u,d,d,t,t,c,c} | 239s | 9860
ud — YyHWT {9,u,u,d,d,t,t,c,c} | 45s 264
ud — gZW+ {g,u,,d,d,t,t,c,c} | 241s | 9860
ud - ZHW+ {g,u,u,d,d,t,t,c,e} | 44s 264
99 — Zyvy {9,4,7,t,t,c,c} 288 s | 16032
qq — Zyy {9,4,q,t,t,c,c} 140 s 7064
g9 — ZZ~y {9,9,q,t,t,c,¢} 297 s | 16032
qq — ZZ~ {9,4,q,t,t,c,c} 146 s | 7064
ud — yyW+ {9,u,u,d,d,t,t,c,é} | 70s 3040
ud — ZZW+ {9,u,u,d,d,t,t,c,c} | 70s 3040
ud — ZyW+ {g,u,u,d,d,t,t,c,e} | 70s 3040
g9 = YWIW~— | {g,u,u,d,d,t,t,c,e} | 151s | 4054

Continued on next page
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wi — YWIW~= | {g,u,4,d,d,t,t,c,e} | Tls 2410
g9 — ZWIW~= | {g,u,u,d,d,t,t,c,¢} | 167s | 4054
ui — ZWIW= | {g,u,u,d,d,t,t,c,é} | 70s 2410

qq — Yy {9,49,q,t,t,c,c} 1172 s | 40976

Table 4: Summary of the skeleton structures for the QCD corrections to selected SM

processes at two loops in the leading-color approximation.

qq — 999 {9,4,q,¢,¢} 612 s 6348
g9 — 999 {9,4,q,¢,¢} 6730 s | 47280
qq — ttH | {9,q,q,t,t,c,c} 20 s 276
g9 — ttH | {g,q,q,t,t,c,c} | 104s 1198
a7 = vy | {9,4, G, t,t, ¢, | 239 s 3316
99 — ttqq | {9,q,q,t,t,c,é} | 3546 s | 10872
aq — 9999 {9,4,q,¢,¢} 34098 s | 77616
g9 — 9999 {9,q,q,¢c,¢} 24783 s | 667440

B Vertex functions for pure Yang-Mills QCD
Three-gluon interaction:

| %

g192—9 [‘](nl) J(nZ)] = (‘](m) ) (21?(”1) +p(”2))> Jn)p

- ( Jm) . (pr) +2p<nz))> Jn2)
i ( J(n) J("2)) (p(n2) — plrn)yn

Four-gluon interaction:

Vﬂ

9192939 [, gn2) | jme)] = (J( 2). J(”3)) Jn)p

2

(J(nl) J”2> Jms)p
(J(nn Jm) Jn2)p
Gluon-ghost interactions:

VH [J0) g2 = — j(m) jn2) pna)e

ci1c2—g

Vli62—>g ['](nl

/ ), Jm2)] = ( Jm) . (pm) 4 p(m))) Jn2)

Vhigug 700, 502) = (02 plr)) o)
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