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Abstract: Based on the Simplified Differential Equations approach, we present results for
the two-loop non-planar hexa-box and double-pentagon families of master integrals. Bound-
ary terms are obtained through a recently introduced method [1] based on the expansion-by-
regions of UT elements. For two of the hexa-box family and the two double-pentagon fami-
lies the alphabet contains non-factorisable square roots, which leads to an one-dimensional
integral representation of the master integrals in terms of Generalised Polylogarithms be-
sides weight three. The results are relevant to the study of NNLO QCD corrections for
W,Z and Higgs-boson production in association with two hadronic jets.
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1 Introduction

The computation of higher order corrections to Standard Model (SM) scattering processes
and their comparison against data coming from collider experiments remains one of the
best approaches for the study of Nature at its most fundamental level. The discovery of the
Higgs boson at the LHC [2, 3] solidified the mathematical consistency of the SM of Particle
Physics as our best fundamental description of Nature. In the absence of any clear signals
for physics beyond the SM, a detailed study of the properties of the Higgs boson along
with a scrutinization of key SM processes have spearheaded the endeavour to advance our
understanding of Particle Physics [4].

The upcoming High Luminosity upgrade of the LHC will provide us with experimental
data of unprecedented precision. Making sense of the data and exploiting the machine’s
full potential will require theoretical predictions of equally high precision. In recent years,
the theoretical community has made tremendous effort to meet the challenge of perform-
ing notoriously difficult perturbative calculations in Quantum Field Theory. The current
precision frontier for the QCD dominated processes studied at the LHC lies at the Next-to-
Next-to-Leading-Order (NNLO) for massless 2 → 3 scattering with one off-shell external
particle [5, 6].

A typical NNLO calculation involves, among other things, the computation of two-
loop Feynman diagrams [7]. The established method for performing such calculations is by
solving first-order differential equations (DE) satisfied by the relevant Feynman integrals
(FI) [8–11]. Working within dimensional regularisation in d = 4−2ϵ dimensions, allows the
derivation of linear relations in the form of Integration-By-Parts (IBP) identities satisfied
by these integrals [12], which allows one to obtain a minimal and finite set of FI for a
specific scattering process, known as master integrals (MI).
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It has been conjectured that FI with constant leading singularities in d dimensions
satisfy a simpler class of DE [13], known as canonical DE [14]. A basis of MI satisfying
canonical DE is known as a pure basis. The study of the special functions which appear
in the solutions of such DE has provided a deeper understanding of their mathematical
properties. These special functions often admit a representation in the form of Chen iterated
integrals [15]. For a large class of FI, their result can be written in terms of a well studied
class of special functions, known as Multiple of Goncharov polylogarithms (GPLs) [16–19].
Several computational tools have been developed for their algebraic manipulation [20] and
numerical evaluation [21, 22].

For the case of two-loop five-point MI with one massive leg, pure bases of MI have been
recently presented in [23] for the planar topologies, which we will call one-mass pentaboxes,
and in [24] for some of the non-planar topologies, which we will call one-mass hexaboxes. Fi-
nally in [25] the pure bases of MI for the double-pentagon families have been presented. All
one-mass pentaboxes have been computed both numerically [23], using generalised power-
series expansions [26, 27], as well as analytically in terms of GPLs [28], by employing the
Simplified Differential Equations (SDE) approach [29]. Recently, analytic results were also
obtained in the form of Chen iterated integrals and have been implemented into the so-
called one-mass pentagon functions [30], similar to the two-loop five-point massless results
[31, 32]. These results, along with fully analytic solutions for the relevant one-loop integral
family [33], have lead to the production of the first phenomenological studies at the leading-
colour approximation for 2 → 3 scattering processes involving one massive particle at the
LHC [34–36]. For the one-mass hexabox topologies, numerical results were first presented
in [37], using a method which emulates the Feynman parameter technique, for one of the
non-planar integral families. All three integral families were treated numerically in [24]
using the same methods as in [23].

In this report, we employ the SDE approach and show how to obtain analytic results
for all one-mass hexaboxes [1], using the pure bases presented in [24]. More specifically, we
obtain fully analytic expressions in terms of GPLs of up to weight 4 for the first non-planar
family, denoted as N1 in figure 1. For families N2 and N3, we obtain analytic results for the
unknown non-planar integrals up to weight 2, whereas for weights 3 and 4 we introduce a
one-fold integral representation in terms of GPLs allowing for a straightforward numerical
evaluation of our expressions. We also show how to obtain analytic results for the one-mass
double-pentagon families based on the method developed in [1].

2 Hexa-box integral families

There are three non-planar families of MI that correspond to the one-mass hexabox topolo-
gies, labelled as N1, N2 and N3, see figure 1. We adopt the definition of the scattering kine-
matics following [24], where external momenta qi, i = 1 . . . 5 satisfy

∑5
1 qi = 0, q21 ≡ p1s,

q2i = 0, i = 2 . . . 5, and the six independent invariants are given by {q21, s12, s23, s34, s45, s15},
with sij := (qi + qj)

2.
In the SDE approach [29] the momenta are parametrized by introducing a dimensionless
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Figure 1: The five non-planar families with one external massive leg. The first row
corresponds to the so-called hexabox topologies, whereas the diagrams of the second row
are known as double-pentagons. We label them as follows: N1 (top left), N2 (top middle),
N3 (top right), N4 (bottom left), N5 (bottom right). All diagrams have been drawn using
Jaxodraw [38].

variable x, as follows

q1 → p123 − xp12, q2 → p4, q3 → −p1234, q4 → xp1 (2.1)

where the new momenta pi, i = 1 . . . 5 satisfy now
∑5

1 pi = 0, p2i = 0, i = 1 . . . 5, whereas
pi...j := pi+. . .+pj . The set of independent invariants is given by {S12, S23, S34, S45, S51, x},
with Sij := (pi + pj)

2. The explicit mapping between the two sets of invariants is given by

q21 = (1− x)(S45 − S12x), s12 = (S34 − S12(1− x))x, s23 = S45, s34 = S51x,

s45 = S12x
2, s15 = S45 + (S23 − S45)x (2.2)

and as usual the x = 1 limit corresponds to the on-shell kinematics.
The corresponding Feynman Integrals are defined through

FN1
a1···a11 := e2γEϵ

∫
ddk1

iπd/2

ddk2

iπd/2

1

k2a11 (k1 + q1)2a2(k1 + q12)2a3(k1 + q123)2a4

× 1

(k1 + k2 + q1234)2a5(k1 + k2)2a6k
2a7
2 (k2 + q4)2a8(k2 + q1)2a9(k1 + q4)2a10(k2 + q12)2a11

,

(2.3)

FN2
a1···a11 := e2γEϵ

∫
ddk1

iπd/2

ddk2

iπd/2

1

k2a11 (k1 − q1234)2a2(k1 − q234)2a3(k1 − q34)2a4

× 1

(k1 + k2 − q4)2a5(k1 + k2)2a6k
2a7
2 (k2 + q3)2a8(k2 − q1234)2a9(k1 + q3)2a10(k2 − q234)2a11

,

(2.4)

FN3
a1···a11 := e2γEϵ

∫
ddk1

iπd/2

ddk2

iπd/2

1

k2a11 (k1 + q2)2a2(k1 + q23)2a3(k1 + q234)2a4
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× 1

(k1 + k2 + q1234)2a5(k1 + k2)2a6k
2a7
2 (k2 + q1)2a8(k2 + q2)2a9(k1 + q1)2a10(k2 + q23)2a11

,

(2.5)

where qi...j := qi + . . .+ qj .
Using FIRE6 [39] we found that the N1 family consists of 86 MI out of which 10 MI

are genuinely new, the rest being known from the one-mass planar pentabox [28] or the
non-planar double-box families [40]. For N2 and N3 the corresponding numbers are 86, 13
and 135, 21.

2.1 Pure bases and simplified canonical differential equations

We adopt the pure bases presented in [24]. As was the case for the pure bases of the pla-
nar families presented in [23], a d log form of the relevant differential equations was achieved,
whose alphabet involves several square roots of the kinematic invariants {q21, s12, s23, s34, s45, s15}.
More specifically, the following six square roots that appear in the alphabets of the one-mass
hexabox integral families are

r1 =
√

λ(p1s, s23, s45) (2.6)

r2 =
√
λ(p1s, s24, s35) (2.7)

r3 =
√
λ(p1s, s25, s34) (2.8)

r4 =
√
detG(q1, q2, q3, q4) (2.9)

r5 =

√
Σ
(1)
5 (2.10)

r6 =

√
Σ
(2)
5 (2.11)

with λ(x, y, z) = x2−2xy−2xz+y2−2yz+z2 representing the Källen function, G(q1, q2, q3, q4) =

{2qi · qj} being the the Gram matrix of the external momenta, and Σ
(1)
5 , Σ

(2)
5 are the poly-

nomials

Σ
(1)
5 = s212 (s15 − s23)

2 + (s23s34 + (s15 − s34) s45)
2

+ 2s12
(
−s45s

2
15 + s23s34s15 + (s23 + s34) s45s15 + s23s34 (s45 − s23)

)
(2.12)

Σ
(2)
5 = (s12 (p1s − s15 + s23)− s23s34)

2 + s245 (p1s − s15 + s34)
2

− 2s45
(
s34 ((s12 + s23) p1s − s15s23 − s12 (s15 + s23)) + s12 (p1s − s15) (p1s − s15 + s23) + s23s

2
34

)
.

(2.13)

For topology N1, the square roots r1 and r4 appear in its alphabet given in [24]. Introducing
the dimensionless variable x rationalises these two roots through the mapping of (2.2). This
allows us to derive a SDE in canonical form for N1,

∂xg = ϵ

(
lmax∑
i=1

Mi

x− li

)
g (2.14)

where g is the pure basis of N1, Mi are the residue matrices corresponding to each letter
li and lmax is the length of the alphabet, which for N1 is lmax = 21. It is interesting to
note here the significant reduction in the number of letters in comparison with the alphabet
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of N1 given in [24], where the relevant length of the alphabet is 39. The form of (2.14)
allows for a direct iterative solution order-by-order in ϵ in terms of GPLs, assuming that
the relevant boundary terms are obtained.

For topologies N2 and N3, the square roots appearing in their respective alphabets [24]
are {r1, r2, r4, r5} and {r1, r3, r4, r6}. In general all the square roots with the exception
of {r5, r6} can be rationalised using either the mapping given in (2.2) or a variant of
it [28, 29]. Nevertheless, in order to write an equation in the form of (2.14) a simultaneous
rationalisation of all square roots is necessary. In fact, the mapping (2.2) allows for the
rationalisation of r1 and r4 in terms of x, but this is not the case for {r2, r3, r5, r6}. It is
thus not possible to achieve a canonical SDE in the form of (2.14) for families N2 and N3

using the parametrisation (2.1). This does not mean that the basis elements cannot be cast
in the form of GPLs, but just that such a representation is not straightforwardly obtained
based on the simple equation (2.14). The more general form of the SDE takes the form:

∂xg = ϵ

(
lmax∑
a=1

dLa

dx
Ma

)
g (2.15)

where most of the La are simple rational functions of x, as in (2.14), whereas the rest are
algebraic functions of x involving the non-rationalisable square roots.

A detailed analysis of (2.15) reveals that these non-rationalisable square roots start
appearing at weight two. In practise this means that we can use the mapping (2.2) and solve
the respective canonical DE for N2 and N3 by integrating with respect to x up to weight one
in terms of ordinary logarithms. For weight two, analytic expressions in terms of GPLs can
be achieved due to the fact that the non-rationalisable square roots {r2, r3, r5, r6} appear
decoupled in the DE. In fact, most of the basis elements are straightforwardly expressed in
terms of GPLs by integrating the corresponding DE. For the rest, an educated ansatz can
be constructed involving only specific weight-two GPLs, which are identified by inspecting
the DE in each case where square roots {r2, r3, r5, r6} appear, modulo the boundary
terms that one needs to compute. Thus analytic expressions in terms of GPLs up to weight
two are obtained for all elements belonging in these families.

To further elaborate on this point let us analyse a rather simple case of a 3-point
integral sector with three off-shell legs, that appears in both N2 and N3 families. This
sector comprises two basis elements and the DE satisfied by those elements includes also
two-point MI that are known in closed form. For instance, in N2, the 3-point integrals
appear as basis elements number 10 and 11 (see the ancillary file). The element 10 at weight
2, g(2)10 , can straightforwardly be obtained by integrating the (2.15) and it is expressible in
terms of GPLs in the form G(a, b;x) where a, b are independent of x. On the contrary the
element 11 at weight 2, g(2)11 , is obtained by construction of an ansatz. Let us mention that
all elements in question, except those involving the square roots {r5, r6}, namely element
73 in N2 and 114 in N3, are known in terms of GPLs up to weight 4 [28, 40], based though
on different variants of the parametrization (2.1). For instance element 11 of N2 is given as

g
(2)
11 = 8

(
2G(0,−y)

(
G (1, y)− G

(
S̃45

S̃12

, y

))
+ 2G

(
0,

S̃45

S̃12

, y

)
− G (1, y) log

(
S̃45

S̃12

)
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+ log

(
S̃45

S̃12

)
G

(
S̃45

S̃12

, y

)
− 2G (0, 1, y)

)
(2.16)

where the new parametrization of the external momenta is given by

q1 → p̃123 − yp̃12, q2 → yp̃2, q3 → −p̃1234, q4 → yp̃1 (2.17)

with the new momenta p̃i, i = 1 . . . 5 satisfying as usual,
∑5

1 p̃i = 0, p̃2i = 0, i = 1 . . . 5, with
p̃i...j := p̃i+. . .+p̃j . The set of independent invariants is given by {S̃12, S̃23, S̃34, S̃45, S̃51, y},
with S̃ij := (p̃i + p̃j)

2. The explicit mapping between the two sets of invariants is given by

q21 = (1− y)(S̃45 − S̃12y), s12 = S̃45(1− y) + S̃23y, s23 = −y
(
S̃12 − S̃34 + S̃51

)
,

s34 = S̃51y, s45 = y
(
S̃23 − S̃45 − S̃51

)
, s15 = y

(
S̃34 − S̃12(1− y)

)
. (2.18)

Notice that the result of (2.16) is obtained through SDE approach in the parametrization
of (2.17). By identifying f− = y and f+ = y S̃12

S̃45
, which in terms of (2.2) are given as

f± =
S45 + x (−S23 − S34 + 2S51 + S12x)± r2

2 (S12 − S34 + S51)x

we can write the DE for this element in the simple and compact form

d

dx
g
(2)
11 = −8

(
dlog

(
f+ − 1

f− − 1

)
log (f−f+)− dlog

(
f+
f−

)
log ((f− − 1) (f+ − 1))

)
.

The form of the DE makes the determination of the ansatz rather straightforward, with the
result

g
(2)
11 = −8

(
− log(f−f+)

(
G(1, f−)− G(1, f+)

)
+ 2G(0, 1, f−)− 2G(0, 1, f+)

)
. (2.19)

Concerning the other non-rationalisable square root in the family N2, r5, it also appears
for the first time at weight 2 in the basis element 73 only (see the ancillary file), which is
one of the new integrals to be calculated. Following the same procedure as for the element
11, namely writing the corresponding DE in a similar form, we find that the expression at
weight 2 is similar to that of (2.19),

g
(2)
73 = 16 log (f−f+)

(
G(1, f−)− G(1, f+)

)
− 32

(
G(0, 1, f−)− G(0, 1, f+)

)
(2.20)

with
f± =

S45 (2S12x− S34x+ S51) + x (S23S34 − S12S23 + xS12S51)± r5
2S45 (S12 − S34 + S51)

Regarding family N3, there are two 3-point integral sectors with three off-shell legs
that involve square root r4, which is not rationalised in terms of x by (2.1), and consist of
elements 12, 13 and 16, 17. Similarly to element 11 of family N2, elements 12 and 16 cannot
be expressed in terms of GPLs through a straightforward integration of their respective DE.
However, we can achieve a GPL representation for them at weight 2 similar to (2.19), where
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now the f−, f+ functions involve the square root r4 instead of r2. Square root r6 appears
for the first time at weight 2 in element 114 similarly to the way square root r5 appears in
element 73 in the N2 family, allowing us to obtain an expression at weight 2 as in (2.20),
with the f−, f+ functions involving r6 instead of r5.

Studying basis elements that are known in terms of GPLs up to weight 4, proved useful
in constructing an educated ansatz for the unknown integrals at weight 2. It would be very
interesting to further pursue this direction, with the aim to establish a systematic way to
construct representations in terms of GPLs for weights higher than 2. This will allow to
extend the SDE approach to cases where the letters La in (2.15) assume a general algebraic
form. Constructing analytic expressions in terms of GPLs beyond weight 2 by applying
a more general procedure following the ideas of [41, 42] is also possible, but it requires a
significant amount of resources and it might well result to a proliferation of GPLs. A more
practical and direct approach, introducing a one-dimensional integral representation will be
presented in detail in section 4.

2.2 Boundary terms

In this section we will describe the analytic computation of all necessary boundary terms
in terms of GPLs with rational functions of the underline kinematic invariants Sij up to
weight 4. We perform this task for all three non-planar families.

Our main approach is the one introduced in [28] and elaborated in detail in [43]. In
general we need to calculate the x → 0 limit of each pure basis element. At first we exploit
the canonical SDE at the limit x → 0 and define through it the resummation matrix

R = SeϵD log(x)S−1 (2.21)

where the matrices S, D are obtained through the Jordan decomposition of the residue
matrix for the letter l1 = 0, M1,

M1 = SDS−1. (2.22)

Secondly, we can relate the elements of the pure basis to a set of MI G through IBP
reduction,

g = TG. (2.23)

Using the expansion by regions method [44] as implemented in the asy code which is shipped
along with FIESTA4 [45], we can obtain the x → 0 limit of the MI in terms of which we
express the pure basis (2.23),

Gi =
x→0

∑
j

xbj+ajϵG
(bj+ajϵ)
i (2.24)

where aj and bj are integers and Gi are the individual members of the basis G of MI in
(2.23). This analysis allows us to construct the following relation

Rb = lim
x→0

TG
∣∣∣
O(x0+ajϵ)

(2.25)
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where the right-hand side implies that, apart from the terms xaiϵ coming from (2.24), we
expand around x = 0, keeping only terms of order x0. Equation (2.25) allows us in principle
to determine all boundary constants b =

∑6
i=0 ϵi b(i)

0 .
More specifically, in the case where D in (2.22) is non-diagonal, we will get logarithmic

terms in x on the left-hand side of (2.25), in the form xajϵ log(x). Since no such terms
appear on the right-hand side of (2.25), a set of linear relations between elements of the
array b are obtained by setting the coefficient of xajϵ log(x) terms to zero. Furthermore,
powers of xajϵ that appear only on the left-hand side can also yield linear relations among
elements of b, by setting their coefficients to zero. We shall call these two sets of relations
pure, since they are linear relations among elements of b with rational numbers as coeffi-
cients. These pure relations account for the determination of a significant part of the two
components of the boundary array. Finally for the undetermined elements of b, several
region-integrals G

(bj+ajϵ)
i usually need to be calculated coming from (2.24).Their calcula-

tion is straightforwardly achieved either by direct integration in Feynman-parameter space
and then by using HypExp [46, 47] to expand the resulting 2F1 hypergeometric functions,
or in a very few cases, by Mellin-Barnes techniques using the MB [48, 49], MBSums [50] and
XSummer [51] packages1. The b(i)

0 terms, with i indicating the corresponding weight, consist
of Zeta functions ζ(i), logarithms and GPLs of weight i which have as arguments rational
functions of the underline kinematic variables {S12, S23, S34, S45, S51}.

This approach was efficient enough for the determination of all boundary terms for
families N1 and N2. Specifically for family N1, where a canonical SDE can be achieved
(2.14), we can write a solution in terms of GPLs up to weight 4 in the following compact
form

g = ϵ0b(0)
0 + ϵ

(∑
GaMab

(0)
0 + b(1)

0

)
+ ϵ2

(∑
GabMaMbb

(0)
0 +

∑
GaMab

(1)
0 + b(2)

0

)
+ ϵ3

(∑
GabcMaMbMcb

(0)
0 +

∑
GabMaMbb

(1)
0 +

∑
GaMab

(2)
0 + b(3)

0

)
+ ϵ4

(∑
GabcdMaMbMcMdb

(0)
0 +

∑
GabcMaMbMcb

(1)
0

+
∑

GabMaMbb
(2)
0 +

∑
GaMab

(3)
0 + b(4)

0

)
(2.26)

were Gab... := G(la, lb, . . . ;x) represent the GPLs. These results are presented in such a way
that each coefficient of ϵi has transcendental weight i. If we assign weight −1 to ϵ, then
(2.26) has uniform weight zero.

For family N3, eq. (2.25) resulted in a proliferation of region-integrals, more than 200,
that one would have to calculate in order to obtain boundary terms for several higher-sector
basis elements. More specifically, in order to obtain the following boundary terms

{b101, b103, b104, b106, b113, b117, b118, b124, b125, b126, b130, b131, b132, b133} (2.27)
1The in-house Mathematica package Gsuite, that automatically process the MBSums output through

XSummer is used.
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one would have to calculate 208 region-integrals, with 17 of them having seven Feynman
parameters to be integrated, making their direct integration highly non-trivial. For all basis
elements apart from (2.27) we were able to obtain boundary terms through (2.25).

To reduce the number of region-integrals for the computation of (2.27) we have inves-
tigated a different approach. The idea is rather simple and straightforward. The pure basis
elements can be written in general as follows:

g = Ce2γEϵ

∫
ddk1

iπd/2

ddk2

iπd/2

P ({Di} , {Sij , x})∏
i∈S̃

Dai
i

(2.28)

where Di, i = 1...11, represent the inverse scalar propagators, S̃ the set of indices corre-
sponding to a given sector, Sij , x the kinematic invariants, P is a polynomial, ai are positive
integers and C a factor depending on Sij , x. This form is usually decomposed in terms of
FI, Fi,

g = C
∑

ci ({Sij , x})Fi

with ci being polynomials in Sij , x. The limit x = 0, is then obtained, after IBP reduction,
through Feynman parameter representation of the individual MI, as described in the pre-
vious paragraphs. An alternative approach, would be to build-up the Feynman parameter
representation for the whole basis element, by considering the integral in (2.28) as a tensor
integral and making use of the formulae from the references [52, 53], to bring it in its Feyn-
man parameter representation. Then, by using the expansion by regions approach [44, 45],
we determine the regions2 in the limit x = 0. Rescaling the Feynman parameters by ap-
propriate powers of x, keeping the leading power in x, we then obtain the final result that
can be written as follows:

b =
∑
I

NI

∫ ∏
i∈SI

dxi U
aI
I F bi

I ΠI (2.29)

where I runs over the set of contributing regions, UI and FI are the limits of the usual
Symanzik polynomials, ΠI is a polynomial in the Feynman parameters, xi, and the kine-
matic invariants Sij , and SI the subset of surviving Feynman parameters in the limit. In
this way a significant reduction of the number of regions to be calculated is achieved, namely
from 208 to 9. Notice that in contrast to the approach described in the previous paragraphs,
only the regions x−2ϵ and x−4ϵ contribute to the final result, making thus the evaluation
of the region-integrals simpler. Moreover, this approach overpasses the need for an IBP
reduction of the basis elements in terms of MI.

3 Double-pentagon integral families

There are two non-planar families of MI that correspond to the one-mass double-pentagon
topologies, labelled as N4 and N5, see figure 1. The scattering kinematics is as described

2Only the corresponding scalar integral of (2.28) determines the regions.
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in 2. The Feynman integrals are given by:

F [ν⃗] = e2ϵγE
∫

dDl1

iπD/2

dDl2

iπD/2

ρ−ν9
9 ρ−ν10

10 ρ−ν11
11

ρν11 · · · ρν88
, (3.1)

where D = 4− 2ϵ, and ν⃗ is a vector of integers with the restriction that ν9, ν10, ν11 ≤ 0.
For the N5 family the propagators in Eq. 3.1, ρi, i = 1 . . . 11, are given by

{l21, (l1 + q1)
2, (l1 + q1 + q2)

2, (l2 + q3 + q4)
2,

(l2 + q4)
2, l22, (l1 + l2)

2, (l1 + l2 + q1 + q2 + q3 + q4)
2,

(l1 + q4)
2, (l2 + q1)

2, (l2 + q1 + q2)
2} (3.2)

whereas for the N4,

{l21, (l1 + q2)
2, (l1 + q2 + q3)

2, (−l2 + q1 + q2 + q3)
2,

(−l2 + q1 + q2 + q3 + q4)
2, l22, (l1 + l2)

2, (l1 + l2 − q1)
2,

(−l1 + q1 + q2 + q3 + q4)
2, (l2 + q3)

2, (l2 + q2 + q3)
2} (3.3)

There are six independent variables sij = (qi + qj)
2, choosen to be

s⃗ = {q21 , s12 , s23 , s34 , s45 , s15} . (3.4)

Together with the parity-odd variable

tr5 = 4iεαβγδ q
α
1 q

β
2 q

γ
3 q

δ
4 , (3.5)

they fully specify a point in the five-particle phase space. Singularities of Feynman integrals
are located at zeroes of certain determinants, see references [54–58]. Three variables play a
special role here: the three and five-point Gram determinants

∆3 = − detG(q1, q2 + q3) ,

∆5 = detG(q1, q2, q3, q4) ,
(3.6)

where G(q1, . . . , qn) = 2{qi · qj}i,j∈{1,...,n}, and the polynomial [24]

Σ5 =(s12s15 − s12s23 − s15s45 + s34s45 + s23s34)
2

− 4s23s34s45(s34 − s12 − s15) .
(3.7)

The convention of ref. [24] to use
√
∆5 in the pure integrals is adopted.

3.1 Pure bases and simplified canonical differential equations

There are 9 elements in the top-sector of each family, for which the numerators of the
canonical basis elements are given by:

ϵ4 M12(s12 − s34)
√
∆5

ϵ4 (M12 +M22)s12
√
∆5
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ϵ4 (M12s12 +M11s34)
√
∆5

ϵ4
(
3∆5(M12 +M22)q

2
1 + 8RMZ − 2∆5M12q

2
1(s12−s34)
s12

+
∆5q

2
1(M12s12+M11s34)

s12
+ (−q21 + s12)∂ρ3

B − q21s34∂ρ4
B

s12

)
√
∆5

ϵ4s34∂ρ4
B√

∆5

ϵ4(s12 − s34)∂ρ8B√
∆5

ϵ4 tr[q2, l1 + q1, l1, l1 + l2, l1 + l2 − q5, l2 + q3 + q4, l2 + q4, q4]

ϵ4
(
tr[q2, l1 + q1, l1, l2, l2 + q4, q3, l1 + l2 − q5, l1 + l2]− tr[q3, l2 + q4, l2, l1, l1 + q1, q2, l1 + l2 − q5, l1 + l2]

)
ϵ4
(
− ρ1ρ4 tr[q5, q1, q2, q3] + tr[q5, q1, q2, q3, l2 + q4, l1 + l2, l1, q3 + q4]

)
(3.8)

for the N5, and

ϵ4 M12

√
∆5

√
G

(1)
3

ϵ4
(
2M22 s23 +M12(−q21 + s23 + s45)

)√
∆5

ϵ4
(
2M11 s45 +M12(−q21 + s23 + s45)

)√
∆5

ϵ4
(
−2 s23 ∂ρ3B + (q21 + s23 − s45)(4∆5 M12 + ∂ρ7B)

)
√
∆5

ϵ4
(
−2 s45 ∂ρ4

B + (q21 − s23 + s45)(4∆5 M12 + ∂ρ7
B)
)

√
∆5

ϵ4 ∂ρ8
B

√
G

(1)
3√

∆5

ϵ4 tr[q2, l1 + q2, l1 + q2 + q3, l1 + l2 − q1, l1 + l2, l2, l2 − q1 − q2 − q3 − q4, q4]

ϵ4 tr[q3, l1 + q2, l1, l1 + l2, l1 + l2 − q1, l2 − q1 − q2 − q3, l2 − q1 − q2 − q3 − q4, q5]

ϵ4
√
G

(1)
3 tr[l2 + q5, q5, q2, l1 + q2, l1 + q2 + q3, l2 − q1 − q2 − q3] (3.9)

for the N4 family, where B represents the corresponding Baikov polynomial [25]. The squared
roots entering in these expressions are given by:

∆5 → s212(s15 − s23)
2 + p21ss

2
34 + (s23s34 + (s15 − s34)s45)

2

+ 2s12

(
p1s(−s15 + s23)s34 − s215s45 + s15s34s45 + s23s34(−s23 + s45) + s15s23(s34 + s45)

)
− 2p1ss34

(
(−s15 + s34)s45 + s23(s34 + 2s45)

)
,

G
[1]
3 → p21s + (s23 − s45)

2 − 2p1s(s23 + s45),
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G
[2]
3 → p21s + (s12 − s15 + s23 − s45)

2

− 2p1s(s12 + s15 − s23 − 2s34 − s45),

G
[3]
3 → s212 + 2s12s15 + s215 − 4p1ss34,

Σ
[1]
5 → s212(s15 − s23)

2 + (s23s34 + (s15 − s34)s45)
2

+ 2s12

(
− s215s45 + s15s34s45 + s23s34(−s23 + s45) + s15s23(s34 + s45)

)
,

Σ
[2]
5 → s212(s15 − s23)

2 + p21s(s12 − s45)
2 + (s23s34 + (s15 − s34)s45)

2

− 2p1s

(
s212(s15 − s23) + s23s34s45 + s12(−2s15 + s34)s45 + (s15 − s34)s

2
45 + s12s23(s34 + s45)

)
+ 2s12

(
− s215s45 + s15s34s45 + s23s34(−s23 + s45) + s15s23(s34 + s45)

)
,

Σ
[3]
5 → s212(s15 − s23)

2 + (s23s34 + (s15 − s34)s45 − p1s(s34 + s45))
2

− 2s12

(
s23s34(s23 − s45) + s215s45 + p1s(−s23s34 + s15(s34 − s45) + s23s45 + 2s34s45)

− s15(s34s45 + s23(s34 + s45))
)
,

Σ
[4]
5 → p21s(s15 − s23)

2 + s212(s15 − s23)
2 + (s23s34 + (s15 − s34)s45)

2

+ 2s12

(
− s215s45 + s15s34s45 + s23s34(−s23 + s45) + s15s23(s34 + s45)

)
− 2p1s

(
s12(s15 − s23)

2 − s215s45 + s15s34s45 + s23s34(−s23 + s45) + s15s23(s34 + s45)
)
,

Σ
[5]
5 → p41s − 2p31s(s12 + s15)

+ s212(s15 − s23)
2 + (s23s34 + (s15 − s34)s45)

2

− 2p1s(s12 + s15)
(
s12(s15 − s23) + s23s34 − s15s45 + 2s23s45 + s34s45

)
+ p21s

(
s212 + 4s12s15 + s215 − 2s12s23 + 2s23s34 − 2s15s45 + 4s23s45 + 2s34s45

)
+ 2s12

(
− s215s45 + s15s34s45 + s23s34(−s23 + s45) + s15s23(s34 + s45)

)
,

Σ
[6]
5 → s212(s15 − s23)

2 + p21s(s23 + s34)
2 + ( s23s34 + (s15 − s34)s45 )

2

+ 2s12

(
p1ss15(s23 − s34)− p1ss23(s23 + s34)− s215s45 + s15s34s45

+ s23s34(−s23 + s45) + s15s23(s34 + s45)
)

+ 2p1s

(
s34(s23 + s34)(s23 − s45) + s15s34s45 − s15s23(2s34 + s45)

)
whereas RMZ is given by:

RMZ =
1

4s12
∆5 p1s

(
(−2M12 − 2M22 +

(M12 +M22) p1s
2 ϵ ρ2

) ρ3 +M11 ρ6 +M12(−ρ7 + ρ8)

− 1

4 ϵ

[2M12 ρ3ρ7
ρ8

−M22

(
− ρ1ρ3

ρ2
+

ρ1ρ8
ρ7

)
+M11

(
− ρ4ρ6

ρ5
+

ρ4ρ7
ρ8

+
ρ6ρ8
ρ7

)])
.
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M11, M12 and M22 represent the ϵ−dimensional components of the loop momenta l1 and l2 as
expressed in terms of the inverse propagators ρi, i = 1 . . . 11 [25].

3.2 Boundary terms

We review here the basic ingredients regarding the representaiton of tensor Feynman integrals from
[52]. The L-loop tensor Feynman integral in d = 4 − 2ϵ dimensions with N internal lines with
momenta qi and masses mi, and E external legs with momenta pe is defined here as follows:

GL[TR(k)] =
1

(iπd/2)L

∫
ddk1 . . . d

dkL TR(k)

(q21 −m2
1)

ν1 . . . (q2i −m2
i )

νi . . . (q2N −m2
N )νN

. (3.10)

The numerator TR(k) is a tensor of rank R in the integration variables:

TR(k) = kµ1

l1
· · · kµR

lR
, (3.11)

and

Di = q2i −m2
i =

[
L∑

l=1

αilkl − Pi

]2
−m2

i , (3.12)

Pi =

E∑
e=1

βiepe. (3.13)

We allow for arbitrary indices νi, the powers of propagator functions Di.
Next, the momentum integrals are replaced by Feynman parameter integrals:

GL[TR(k)] =
(−1)Nν

Γ(ν1) . . .Γ(νN )

∫ N∏
i=1

dxix
νi−1
i δ(1−

N∑
i=1

xi)
UNν− d

2 (L+1)−R

FNν− d
2L

×
R∑

r=0

1

(−2)
r
2
Γ (Nν − dL/2− r/2) F

r
2

{
A[µ1,...,µr

r Pµr+1,...,µR]
R−r

}
, (3.14)

where Nν =
∑N

i=1 νi.
The two functions U and F are characteristics of the topology of the Feynman integral. One

may derive them from

N =

N∑
i=1

xi Di ≡ k(ML)k − 2kQ+ J, (3.15)

where

(ML)ll′ =

N∑
i=1

αilαil′xi, (3.16)

Ql =

N∑
i=1

αilPixi, (3.17)

J =

N∑
i=1

(P 2
i −m2

i )xi; (3.18)

namely:

UL(x) = det(ML), (3.19)
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FL(x) = −det(ML) J +QM̃LQ, (3.20)

with

M̃L = det(ML) (ML)
−1. (3.21)

The object ArPR−r contains the tensor structure due to its two elements:

A0 = 1, (3.22)

Ar = 0 for odd r > 0, (3.23)

Aµ1···µr
r = g̃µ1µ2 · · · g̃µr−1µr , (3.24)

and

P0 = 1, (3.25)

Pµ1···µr
r = Pµ1 · · · Pµr , (3.26)

where we left out in the notations the indices related to the loop numbering, because they are fixed
by (3.11) when the Lorentz indices are defined:

g̃µ1µ2 ≡
(
M̃L

)
l1l2

gµ1µ2 , (3.27)

Pµi ≡
L∑

l=1

(
M̃L

)
lil

Qµi

l . (3.28)

The product
{
A[µ1,...,µr

r Pµr+1,...,µR]
R−r

}
is completely symmetrized in its Lorentz indices; take as an

example A2P2:

A[µν
2 Pλρ]

2 = Aµν
2 Pλρ

2 +Aµλ
2 Pνρ

2 +Aνλ
2 Pµρ

2

+ Aµρ
2 Pνλ

2 +Aνρ
2 Pµλ

2 +Aλρ
2 Pµν

2 , (3.29)

and, more explicitely, to e.g. T (kµ1

1 kµ2

2 ) correspond the terms:

A0Pµ1µ2

2 = Pµ1Pµ2 , (3.30)

and, with a different numerical factor (see (3.14)):

Aµ1µ2

2 Pµ1µ2

0 = g̃µ1µ2 . (3.31)

Each of the nine UT elements in N4 and N5, is expressed, following Eq. 3.14. In contrast to
the hexa-box families, where UT elements are expressed in terms of tensor Feynman Integrals with
rank up to two, in the case of the top-sector UT elements of the double-pentagon families tensor
integrals with rank up to six appear. Based on the method described in the last part of section 2.2,
each of these UT elements is further expressed as in Eq. 2.29. The latter integrals are calculated
analytically in terms of GPLs 3.

4 Integral representation

After obtaining all boundary terms in sections 2.2 and 3.2 and constructing analytic expressions for
families N2−N5 up to O(ϵ2) in terms of GPLs up to weight two, we will now introduce an one-fold
integral representation for O(ϵ3) and O(ϵ4). This representation will allow us to obtain numerical
results through direct numerical integration [31, 59].

3The attached Mathematica notebook, 2Loop_5Point_1Mass_DP_N4-N5_MIs.nb, contains all the neces-
sary tools, including the construction of the tensor integrals, as in Eq. 3.14, and their expansion-by-region
representation [44, 45].
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Weight 3: The differential equation (2.15) can be written in the form:

∂xg
(3)
I =

∑
a

(∂x logLa)
∑
J

caIJg
(2)
J (4.1)

where a runs over the set of contributing letters, I, J run over the set of basis elements, caIJ are
Q−number coefficients read off from the matrices Ma and g

(2)
J are the basis elements at weight 2,

known in terms of GPLs. Since the lower limit of integration corresponds to x = 0, we need to
subtract the appropriate term so that the integral is explicitly finite. This is achieved as follows:

∂xg
(3)
I =

∑
a

la
x

∑
J

caIJg
(2)
J,0 +

(∑
a

(∂x logLa)
∑
J

caIJg
(2)
J −

∑
a

la
x

∑
J

caIJg
(2)
J,0

)
(4.2)

where g
(2)
I,0 are obtained by expanding g

(2)
I around x = 0 and keeping terms up to order O( log(x)2),

and la ∈ Q are defined through

∂x logLa =
la
x

+O(x0). (4.3)

The DE (4.2) can now be integrated from x = 0 to x = x̄, and the result is given by

g
(3)
I = g

(3)
I,G + b

(3)
I +

∫ x̄

0

dx

(∑
a

(∂x logLa)
∑
J

caIJg
(2)
J −

∑
a

la
x

∑
J

caIJg
(2)
J,0

)
(4.4)

with b
(3)
I being the boundary terms at O(ϵ3) and

g
(3)
I,G =

∫ x̄

0

dx
∑
a

la
x

∑
J

caLJg
(2)
J,0

∣∣∣∣∣
G

(4.5)

with the subscript G, indicating that the integral is represented in terms of GPLs (see ancillary
file), following the convention

x̄∫
0

dx
1

x
G

0, ...0︸ ︷︷ ︸
n

;x

 = G

0, ...0︸ ︷︷ ︸
n+1

; x̄

 . (4.6)

Weight 4: At weight 4, the differential equation (2.15) can be written in the form:

∂xg
(4)
I =

∑
a

(∂x logLa)
∑
J

caIJg
(3)
J (4.7)

which after doubly-subtracting, in order to obtain integrals that are explicitly finite as in (4.2), is
written as

∂xg
(4)
I =

∑
a

∂x(logLa − LLa)
∑
J

caIJg
(3)
J +

∑
a

∂x(LLa)
∑
J

caIJ(g
(3)
J −g

(3)
J,0)+

∑
a

la
x

∑
J

caIJg
(3)
J,0 (4.8)

where LLa are obtained by expanding log(La) around x = 0 and keeping terms up to order
O( log(x)), and

g
(3)
I,0 = g

(3)
I,G + b

(3)
I . (4.9)

Now, by integrating by parts and using (4.2) we can write the final result as follows:

g
(4)
I =g

(4)
I,G + b

(4)
I +

(∑
a

logLa

∑
J

caIJg
(3)
J

)
−

(∑
a

LLa

∑
J

caIJg
(3)
J,0

)
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−
∫ x̄

0

dx
∑
a

(logLa − LLa)
∑
J

caIJ
∑
b

lb
x

∑
K

cbJKg
(2)
K,0

−
∫ x̄

0

dx
∑
a

logLa

∑
J

caIJ

(∑
b

(∂x logLb)
∑
K

cbJKg
(2)
K −

∑
b

lb
x

∑
K

cbJKg
(2)
K,0

)
(4.10)

with a, b running over the set of contributing letters, I, J,K running over the set of basis elements,
b
(4)
I being the boundary terms at O(ϵ4) and

g
(4)
I,G =

∫ x̄

0

dx

(∑
a

la
x

∑
J

caIJg
(3)
J,0

)∣∣∣∣∣
G

(4.11)

where the subscript G indicates that the integral is represented in terms of GPLs (see ancillary file),
following (4.6).

Implementation: As a proof of concept, we have implemented the final formulae (4.4) and
(4.10) in Mathematica. We use NIntegrate to perform the one-dimensional integrals appearing
in the (4.4) and (4.10), after expressing all weight-2 functions in terms of classical polylogarithms
following references [60]. For kinematic configurations where there are no singularities in the do-
main of integration (0, x̄), we have checked the new basis elements obtained by us against numerical
results provided by the authors4 of reference [24] and found full agreement. For kinematic configu-
rations with singularities in the domain of integration, we use the iϵ−prescription as explained in
references [28, 40], as well as the convention concerning the square roots appearing in the alphabet
and the basis elements as detailed in section 6.2 of reference [23]. We provide proof-of-concept
codes in the ancillary files for both the Euclidean point mentioned above as well as the first physi-
cal phase-space point of Eq. (6.15) in reference [24]. The reader can easily assess the performance
of this straightforward implementation by running the provided codes and look at the minimum
number of digits in agreement with the high-precision results from reference [24], as well as at the
number of integrand evaluations performed by NIntegrate. Notice that the integrand expressions
involve logarithms and classical polylogarithms Li2 that are evaluated using very little CPU time.
The parts of the formulae (4.4) and (4.10) that can be represented in terms of GPLs up to weight
four, as well as the results for the N1 family, for which we have all basis elements in terms of GPLs
up to weight four, are evaluated with GiNaC [21, 61] as implemented in PolyLogTools [20]. In
the current implementation we use the default parameters for GiNaC and the default parameters
for NIntegrate with the exception of WorkingPrecision and PrecisionGoal, in order to obtain
reasonable results within reasonable time, taking into account that the provided implementation
serves merely as a demonstration of the correctness of our representations. For the Euclidean point
the precision is typically of the order of 32 digits, which is compatible with GiNaC setup. For the
physical point, the typical precision is of the order of 25 digits, which is compatible with the ex-
pected one taking into account the numerical value of the infinitesimal imaginary part assigned to
the kinematical invariants. We plan to address all the details regarding the numerical evaluation
in a forthcoming publication, where an optimised implementation for all two-loop five-point basis
elements based on our analytic results, in line with references [30, 32], will be presented.

Analytic continuation: The one-fold integral representation presented above needs to be
properly adjusted when singularities are present in the integration domain. The types of singularities
encountered are listed below:

• g
(n≤2)
J and g

(n≤2)
J,0 : logarithmic and polylogarithmic branch points/cuts

4We thank the authors of reference [24] for communicating results for a Euclidean point provided by us,
not included in their publication, for N2 and N3 families.
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• ∂x logLa : poles at points x = ℓi

• logLa and LLa (the x → 0 limits of logLa) : logarithmic branch points/cuts

• square-root branch points/cuts

In the sequel we address all these types of singularities.

Imaginary Parts for Sij Invariants from F Symanzik Polynomial

The ordinary momentum-space representation of Feynman integrals:

G (ν1, . . . , νn) =

∫ L∏
l=1

ddkl
iπd/2

n∏
j=1

1

D
νj

j

(
{k}, {p},m2

j

)
The Feynman parameter representation of Feynman integrals:

G (ν1, . . . , νn) = Γ

(
ν − Ld

2

) n∏
j=1

[∫ ∞

0

dxj

x
νj−1
j

Γ (νj)

]
δ

1−
n∑

j=1

xj

 Uν−(L+1)d/2

Fν−Ld/2

where the polynomials U ,F are known as first and second Symanzik polynomials.
Since the F Symanzik polynomial maintains the sign of the i0 prescription of Feynman propa-

gators with all original invariants (sij), assuming sij (p1s) → sij (p1s)+ i η, we determine the corre-
sponding infinitesimal imaginary parts for our invariants (Sij) by recasting the F Symanzik polyno-
mial for a given integral family in terms of our invariants, extending those by Sij → Sij+i δij η, and
imposing a positivity constraint on the coefficients of all the Feynman parameters. For example,
the positivity constraints for the N2 hexa-box integral family are:

δ45 + δ23x ≥ δ45x, δ51x ≥ 0, (x− 1)(δ12x− δ45) ≥ 0,

x(δ34 + δ12(x− 1)) ≥ 0, δ12x
2 ≥ 0, δ45 ≥ 0,

x(δ12 − δ34 + δ51) ≤ 0, δ23x ≥ x(δ45 + δ51)

Analytic Continuation of ∂x logLa

As mentioned earlier, ∂x logLa have poles at points x = ℓi. To control the numerical integration
over the locations of these poles, we make this pole structure manifest

d logLa

dx
→ f(x)∏

i (x− ℓi)
,

where f(x) ∈ R, except for factors of
√
∆ = i

√
|∆| for ∆ < 0, and we assign imaginary parts to all

ℓi’s using those we assigned to the Sij invariants

ℓi(Sij) → ℓi(Sij + i δij η) ≡ ℓi + i δi η .

Analytic Continuation of g(n≤2)
J

Concerning g
(n≤2)
J , their logarithmic and polylogarithmic branch points/cuts appear through ex-

pressions of the form:

• log(x), log(ℓa), log(1− ℓa),

• G (ℓa;x), G (0;x), G (ℓa, ℓb;x), G (0, ℓa;x), G (0, 0;x),
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In some elements of the N2 hexa-box family we also find:

• G
(
0, 1; ℓ̃a(x)

)
and G

(
1; ℓ̃a(x)

)
,

where ℓ̃a(x) are algebraic expressions of x. To control the numerical integration over the loca-
tions of all branch points, we assign imaginary parts to all ℓi’s similarly to before, and also to the
ℓ̃a(x)’s, such that

ℓ̃a(ℓi) → ℓ̃a(ℓi + i δi η) ≡ ℓ̃a(ℓi) + i δa η .

ℓ̃a(x) ∈
{x(S12x− S23 − S34 + 2S51) + S45 ±

√
∆(1, x)

2x(S12 − S34 + S51)
,

S12S51x
2 + x(−S12S23 + 2S12S45 + S23S34 − S34S45) + S45S51 ±

√
∆(2, x)

2S45(S12 − S34 + S51)

}
Analytic Continuation of logLa

As for the logs of the alphabet letters, we isolate their logarithmic branch points in the following
way:

logLa → log

(
La

∏
iD

(x− ℓiD )∏
jN

(x− ℓjN )

)
− log

(∏
iD

(x− ℓiD )

)
+ log

∏
jN

(x− ℓjN )


where

(
La

∏
iD
(x−ℓiD )∏

jN
(x−ℓjN )

)
∈ R, except for factors of

√
∆ = i

√
|∆| for ∆ < 0, and has no zeroes or

poles in x ∈ (0, x̄), and then we assign imaginary parts in the ordinary way to all ℓi’s.
The analytic continuation has been implemented in the attached Mathematica notebook,

TwoLoopMasterIntegrals_Test.nb and validated with the results given in [24] for the physical
point given in [25] for the N2 family.

5 Conclusions

The frontier of precision calculations at NNLO currently concerns 2 → 3 scattering process involving
massless propagators and one massive external particle. At the level of FI, all planar two-loop MI
have been recently computed through the solution of canonical DE both numerically [23], via
generalised power series expansions, and analytically in terms of GPLs up to weight 4 [28], using
the SDE approach [29]. More recently, results in terms of Chen iterated integrals were presented
and implemented in the so-called pentagon functions [30].

Concerning the two-loop non-planar topologies, these can be classified into the three so-called
hexabox topologies and two so-called double-pentagons, see figure 1. One of the hexabox topolo-
gies, denoted as N1 in figure 1, was calculated numerically a few years ago using an approach
which introduces a Feynman parameter and uses analytic results for the sub-topologies that are
involved [37]. More recently, pure bases for the three hexabox topologies satisfying DE in d log form
were presented in reference [24] and solved numerically using the same methods as in [23].

In this report we addressed the calculation of the three two-loop hexabox topologies, N1, N2, N3

and the two double-pentagon topologies, N4, N4 in figure 1, using the SDE approach. For the N1

family results up to weight 4 in terms of GPLs are obtained. For the N2, N3, N4, and N5 fami-
lies we have established an one-dimensional integral representation involving up to weight-2 GPLs.
This allows to extend the scope of the SDE approach when non-factorisable square roots appear in
the alphabet. We have also introduced a new approach to compute the boundary terms directly
for the basis elements, that significantly reduces the complexity of the problem. With these new
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developments, we hope to complete the full set of five-point one-mass two-loop MI families in the
near future and provide a solid implementation for their numerical evaluation.
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